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1. KoMnjaeKcHbIE YHCJIa

KpaTKO HAIIOMHHM ITOHATHUC KOMIIJICKCHBIX YUCCII U I[CflCTBHfI C HUMH, KOTOPBIC
pacCMaTpuBaJINCh PAHCC.

1.1. Omnpenesienue, n3oopakenue, PopMbl 3aNUCH

K MOHATHIO KOMIUJIEKCHOTO 4YHCJa TPHUBEIO CTPEMIICHUE PEIINTh YPABHEHHE
x*+1=0 U U3BJIEYD KOPCHb U3 OTPULIATECIIBHOI'O YHUCJIA.

KoMmieKkcHBIM 4HCIOM z Ha3bIBACTCA BBIPpAKCHUC BHUIA z=x+iy, TOC x,y —

I[CﬁCTBHTCJIBHBIC gucia, i — TakK Ha3blBacMasd MHHUMas €AUHULIA, i2 =-—1.

Uucna x, y Ha3bIBAKOTCS COOTBETCTBEHHO JICHCTBUTEILHOM W MHHMMOW YacCThIO
KOMIUIEKCHOTO YUCJIa z ¥ 0003HaYalTCsl x=Rez, y=Imz.
Ecin x=0, TO uncino O+iy=iy Ha3bIBA€TCAd YUCTO MHHUMBIM, €ClIH y =0, TO

x+i-0=x €CTb IEUCTBUTEIBLHOE YHUCIIO.
JIBa KOMIUIEKCHBIX YHMCJIa CYUTAKOTCS PABHBIMHU, €CIIM PABHBI HUX JE€UCTBUTEIILHBIC
YaCTH Y PaBHbI UX MHUMBIE YaCTH, T.€.

XNHiy =Xy, < X=X, )=
KOMHHCKCHBIC yuciia z = x+iy u z-= x—iy , OTJIMYAOIHCCA 3HAKOM MHHUMOM Ya-
CTH, HA3BIBAIOTCA KOMIIJICKCHO-COIIPSKCHHBIMU.
KoMILIEKCHOE YHCIO z =x+iy H300paXkaroT TOUKOM M IUIOCKOCTH ¢ KOOpAWHATAMH

M(x,y)

X, y WIH ee paguyc-BeKTopoM OM (puc. 1). Jlnvna BekTopa OM Ha3bl-
BaeTCs MOJLyJIeM KOMIUIEKCHOTO YUCIIa z ¥ 0003HaYaeTcs |z | Wim r

|Z|=r=‘O—M‘:\[x2+y2. ol x X

Puc. 1

Yron ¢ MexIy paadyc-BEKTOPOM OM M TIOJOKHUTETBHBIM
HAIPaBJICHUEM OCH OX HAa3bIBAIOT apryMEHTOM KOMIUIEKCHOIO 4YHClIa z. YTOI ¢
OIpEIeNIAeTCs. HEOAHO3HAUHO, C TOYHOCTBIO JI0 caaraeMoro 2z k (k=0,+1,£2,..); 1o-
rOBOPHUMCS OpaTh TO 3HAUYEHHE ¢, KOTOPOE 3aKII0OYEHO MEXKAY —7 U 7, 0003HAYaTh
€ro argz W Ha3bIBaTh INIABHBIM 3HAYCHUEM apryMCHTA.

Hapsany ¢ anzebpauueckoii popmoii z=x+iy KOMIUIEKCHOTO YUCIIa PACCMOTPUM
enie ABe (HOPMBI 3aMKCH.

Tak kak x=rcosp, y=rsing (puc.l), TO KOMIJIEKCHOE YUCIO z=Xx+iy MOYKHO
3alUCaTh B MPU0OHOMempu4ecKoit gopme: z=r(cos+ising). Bpenasa QyHkuuro

e'P= cos @ +isin @ , KOMIUIEKCHOE YHUCJIO MOYKHO 3aIlucaTh B nOKa3zamenbHou 4)opme:

z=r-e'?. Urak, umMeeM Tpu (HOPMBI 3aITUCH KOMILJIEKCHOTO YHCIIa

z=x+iy=r(cosp+ising)=r-e'?.

Ilpumep 1.1. 3anucaTh KOMIUIEKCHOE YUCIIO z=-1-i+/3 B TPUTOHOMETPUUYECKOU U
NOKa3aTeNIbHON opMmax.
Pewenue. YToOb1 3anucath z B TPUTOHOMETpUUECKOU dopme, HailieM ero MoayJib U

apryMeHT: |z|:\/ (—1)2 +(—\/§)2 =2, a AJI1 NpaBUJIBbHOT'O OTBICKAHUA apryMeHTa pe-
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KOMEHyeM H300pa3uTh YUCIIO z Ha IIOCKOCTH (puc. 2). Haligem cHauana ocTpslii

. 3
yroa ¢;, JAONOJIHUTENBHBIA K YLy ¢@: tgg == 0 :%. Torpa

2
Qo=—n+¢Q = —?; TPUTOHOMETPHUUECKAsT U IOKa3aTeabHas (1)0pr1 3a-

MUCH YuCHa z=—1—i/3 OyayT cileayrolHe:

2 2 -
z=2 cos(——ﬂ]ﬂ'sin(——ﬂj =2e 3.
3 3

1.2. OcHOBHBIE JeHCTBUA ¢ KOMILJIEKCHBIMH YHUCJIAMHU
OnepauHH CJIOKCHUA, BBIYUTAaHUA, YMHO)KeHI/IH KOMIIJICKCHBIX YHUCCII onpe;[e-
JISIFOTCA CHCI[YIOHII/IM CCTCCTBCHHBIM o6pa30M.

1). Ilpu cnosxcenuu (6vluumanuu) IBYX KOMIUIEKCHBIX YKCEN CKJIAJbIBAIOTCS
(COOTBETCTBEHHO BBIYUTAIOTCS) UX ICUCTBUTEIbHBIC U MHUMBIC YacTH, T.€.

Z1+2, :(x1+iy1)+(x2+iy2):(x1+x2)+i (y1+y2). . (1.1)

C reoMeTpruecKOi TOYKH 3pEHUS CIIOKEHUE (BBIUMTAHKME) KOMIUIEKCHBIX YHUCEN PaB-
HOCWJIBHO CJIOK€HUIO (BBIYMTAHMIO) M300pakarolInuX HX
BeKTOpoB (puc.3). OTMETHUM, UYTO pACCTOSHUE MEXKIY 4
KOMIUIEKCHBIMU TOYKaMH z; U z, PABHO ‘Zl—zz‘. [ToaTo-

MY OKPY)KHOCTB C IIGHTPOM B TOUYKE z, paauyca R umeer
YpaBHEHHE |z —zy|=R.

Puc. 3

2). Ymnuoorwcenue nByx KOMILIEKCHBIX YUCET B alreo-
panyeckoi popme ornpeaesnseTcs mo npaBujiaM YMHOKEHHS TBYWICHOB C yU4€TOM
paBeHCTBa i’ =—1, T.€.

Z1°Zy = +i ) (g +1yy) = (% — ) iy, + 60 | (1.2)

[Ipu yMHOXEHUU IBYX KOMILUIEKCHBIX YHCEJI B TPUTOHOMETpPUYECKOH (opme
X MOJIYJIM YMHOKAKOTCS, @ pTYMEHThI CKJIaIbIBAKOTCS; TIEUCTBUTEIIBHO:
z,-2, =1 (cos, +ising,)-r, (cos@, +ising,) =
=nn [(cosqol COS, —sin @, sin @, ) +i(sin ¢, cos @, +cos @, sin qoz)} =
=r-n [COS(Col +¢,)+isin(g "‘(02)]-
IToaTomy

, arg(z-z,)=argz +argz, | (1.3)

|Zl'22|:|zl|'|zz

B nokazarenbHoi hopme

. i gy i (p1+97)
Z1'Zzp=ne *rye =rnrne o

3). /lenenue KOMIUIEKCHBIX YHUCEN OMpeEAeNsieTcsl Kak AeiicTBUEe, 00paTHOE YMHO-
z

)KEHHIO, T.€. z=—-, €ClIM z-z, =z, . [IpaKTHUECKH TP JICIECHUH JIBYX KOMILIEKCHBIX
z
2

yucel B aireOpandeckol Qopme HYKHO YHMCIUTEIb M 3HAMEHATelb JApoOu
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L (z, #0) YMHOXHTb Ha YHCIIO, COMPSIKEHHOE 3HAMEHATEI0; TOT/a ACIUTEIIeM
2

Oyner nNedCTBUTEHHOE YUCIIO U

i:x1+iy1 :(x1+iy1)'(x2_iy2):(xlxz"'J’lJ’z)"'iO’le —X1),) (1.4)
z, X+iy, (5+iy) (5—=iy,) %+ ' '

2450 (2+50)(7-3i) _14-152+35i-6i _29+29i 1 1_
7+3i (7+3i)-(7-3i) 4992 4949 2 27

Hanpuwmep,

HpI/I ACJICHUN JABYX KOMIUJICKCHBIX YHMCCII B TpI/IFOHOMeTpH‘ICCKOﬁ 1 MOKa3aTeJILHOU
(1)OpMaX HUX MOAYJIA OACIATCA, 4 ApryMCHTBI BBIYUTAKOTCA, T.C.

|z|:||Z—1|, argz =argz, —argz,.|. (1.5)
22

o Zl
JleHicTBHTENBHO, €CIM —- =2, TO z; =z-z,. Torna |z |=|z]| |z, |, argz =argz+argz,.

2
Ortcrona |z|:||j—1|, argz =argz, —arg z,.
2
z T P I

B nokazarenbHoit hopme: A _Lpiered)

ip
Z, npe 't h

4). Boszeedenue ¢ cmenenb KOMIUIEKCHOTO YKClIa B ajrebpandeckoil popme ocy-
IIECTBIISIETCS 110 MPABUIIAM BO3BEIEHHUSA B CTENEHb JBYYIEHA C YYETOM TOTO, YTO
i2=-1, i’=i*i=—i, i*=i%.i* =1 u 1.1. Hanpumep, ucnons3ys popmyny mis Kyba
pasHOCTH, moNmyduM: (2—i)°>=2°-3.22.i+3-2.i> > =8—-12i-6+i=2-11i.

[Tpu BO3BEIEHMHM KOMIUIEKCHOTO YHMCNIAa z B OOJBIIYIO CTENEHb YJ0OHO HC-
TOJIE30BATh €T0 TPUTOHOMETPHYECKYIO (DOpMY z =r(cosg +ising). YUuTbIBasi, 4TO

P YMHOKCHHHM MOJIYJIW YMHOXAIOTCS, @ apryMEHTBI CKJIQJBIBAIOTCS, IOJTYyYUM
dbopmyny Myaspa:

Z" =" (cosnp +i sinng) = r"e'"? |, (1.6)

IHpumep 1.2. Boruucouts z°, ecnu z = \/3 +1.

Pewenue. I306pazuM KOMILJIEKCHOE YKCIIO Z Ha TJIOCKOCTH (puC. 4),
HailIeM ero MOJlyJib U apryMEHT:

o (Bt o _ L ,F
|z|—r— (\/5) +1° =2, tgp=—7=, @ 5

V3

= r%(cos6¢ + i sin 6¢) = 2 (cos 7 +isin ) = —64. Puc. 4

Torma z°

5) H3eneuenue KOpHA n-il cmeneHu u3 KOMNJIeKCHO20 Yucia OIIPCACIIACTCA KaK
JICIZCTBPIC, O6paTHOC BO3BCACHHIO B CTCIICHD, T.C. ’\1/_ =w, CCJIHN w'=z.

[Ipy u3BIEYEHMM KOPHS U3 KOMILIEKCHOTO 4YHClia z YAOOHO HCIOIb30BaTh
TPUTOHOMETPUYECKYI0O  (GOpMy  3amucHd  KOMIUIEKCHOro  uyucia.  Ilycts

z=r(cosp+isin@), w=p(cosO+isinf). Tak kak w" =z, TO

p"(cosnf+isinnf)=r(cosp+i sine).
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VY paBHBIX KOMILJIEKCHBIX YHCEN MOAYJU JOJDKHBI OBITh PaBHBI, @ ApTYMEHTBI MOT'YT
OTJIMYAThCA HA YHUCJIO0, KPAaTHOE 27, TO €CTh
+2rk
p"=r, n0=p+2rk WIN p:\/7, g=2""%
n

[ToxcraBnsig 3T 3Ha4YECHUS B BBIPAKECHUE Wz =w= p(cos@ +isin 0), IOIIyUYUM

n n
k=0,12,.,n-1.

(1.7)

Ilpupasas k& 3HaueHus 0,1,2,..,n—1, NOJYYUM n PA3JIUYHBIX 3HAYECHUU KOPHSA n—U
CTEIIEHU M3 KOMIUIEKCHOro uucia. [Ipu Apyrux 3HadyeHUsAX k IIOJIYyYMM 3HAYCHUS
KOpHsI, COBIAJAIOIINE C YK€ HaAeHHbIMU. Hanpumep, nipu k=»n U npu k =0 3Hadye-
HUsI KOPHEU COBIIAIAIOT:

2 2
w, :{1/7 (COSMH sinwjzw {COS(£+27T]+Z' sin(%+2ﬂD:(ﬁ (cosﬂﬂ' sinﬂj:wo.

n n n n n

AHANOTUYHO, W,, =W, W,,,=W,,... WATaK, 1as 1o6oro z 0

n

KOpPpEeHb cmenenu 1N u3 4yucia zZ umeem 1 pas3iuidHbvlx 3HAYEHUIL.

Ipumep 1.3. Pewuts ypaBHEHUE z° +1=0.
Pewenue. U3 ypaBaenns umeeM z=3-1. Haiimem Momymb m aprymeHT umcia —1:
|—1 | =1, arg(—l) = . Torna KOpHU ypaBHEHHUsI UMEIOT BUJL:

— T+2nk .. m+2nk
z:«/3—1:3,/c0s7t+zsmﬂ:cosTHsmT.

IIpunasas £ 3HayeHwus 0,1,2, MOJY4YUM TPU KOPHS YPABHEHUS: %

1|3

T o isin” N
Zy =COS—+iSIN—=—+i-—
0 370732 27
z,=cosm+isinm =—1,

[
Sz .. Sm 1 \/3 4 k\ 1 o
2y =C0S - +isin—- =i
OTH KOpHM JIe)KAT HA €IMHUIHON OKPYKHOCTH U JIETIST €€ Ha TPHU
paBHbIe yactu (puc. 5).
Ecnmu HyXHO W3BIIEYh KOPEHb KBaIPAaTHBIM, TO MOXXHO W HE MOJb30BATHCS

dbopmynoii (1.7). Hampumep,

Puc. 5

J120-5 = 120944 = 120+ (31)2 +22 = { 2+ 3)* =+(2+31).
Eciu BBl HE J0Tagaanch O TAKOM CIOCO0E, TO MOKHO 0003HAUYHTH | 12i-5=x+iy U
. . _ . N\2 2 . 2
BO3BECTH ATO PABEHCTBO B KBAAPaT: 12i—5=(x+iy) =x"+2ixy—y".

HpI/IpaBHI/IBaH HeﬁCTBHTCHBHBIG U MHHUMBIC 9aCTH, ITOJTYUHUM:
X—yt=-5 2
= xz——2=—5 = x*+5x*-36=0.
2xy =12, x
JleficTBUTENIbHBIC KOPHU TOJIYYUBILETOCS OMKBAAPATHOrO ypaBHEHUs x=+2. Toraa
y=433 U z=x+iy==x(2+3i).



2. DyHKIUN KOMILIEKCHOTO NePeMEeHHOT0

Ecnn xaxaomy KOMIUIEKCHOMY YHUCIY z U3 MHOXKECTBA D COOTBETCTBYET KOM-
IUIEKCHOE YMCIO w M3 MHOXecTBa E, TO w sBIsSeTCS (PYHKIMEH MEPeMEHHOH z:
w= f(z). IIpu3ToM D ecTb 00/1aCTb €€ OlpeseNneHus, a £ — MHOXKECTBO €€ 3HauUeHHUI].

\Y 81 6YI[CM paccMaTpuBaTh KaK OJJHO3HAYHBIC, TAK 1 MHOI'O3HAYHBIC ®YHKHHH, T.C.
KaXXIAOMY 3HAUCHHUIO apTYMCHTA COOTBCTCTBYCT OAHO UJIM MHOT'O 3HAUCHUU (1)YHKI_II/II/I

Hanpumep, dyHkuus w= 322 |
z+

OIIPCACIICHA IIPH z # ti U ABJSIETCA OI[HOBHaIIHOfI

byukuuer; GyHKUMA w=4F/z  ABIAETCA MATU3HAYHOM  (PyHKuUMEH; QyHKIMA
w=Argz=argz+2xk (k=0,£1,£2,..) sBIAETCA MHOIO3HA4uHOH BYyHKIKEH.

B nanpHeliieM HaMm HYXHO OyAeT BBIACHATh Y PYHKIUU €€ NEUCTBUTENbHYIO U
MHUMYIO yacTu. Kak 9To nemaercs, paccMOTpuM Ha mpumepe GyHKIHM w = z>. Tak

KaK z=x+iy, T0 w=(x+iy)’ =x>—y*+2xyi. Takum oGpa3om, GyHKIMA w=z> Tpes-

craBieHa B Bume w=u(x,y)+iv(x,y), rAe u(x,y)= x*—y? — ee pmelcTBUTENbHAA
4acTh, a v(x,y)=2xy — €€ MHUMAas 4acTb.
AHanorn4HsIM 00pa3oM 00y GYHKIHUIO f (z) MOXKHO HPEICTaBUTh B BUIE
f(z)=u(xy)+iv(xy);
u(x,y)=Re f(z), v(x,y)=Imf(z).

2.1. DuemeHTapHbIe QYHKIUU
Dyukyuu e, sinz, cosz

N3BecTHO, 4TO QYHKIMH eZ, sinz, cosz IS JTFOOOTO JAEMCTBUTENIBHOIO z Mpe.-
CTaBUMBI B BUJIE CYMMBbI CJIEIYIOLIUX PSIOB:

ezzl+ﬁ+§—2'+§—3!+2—i+... (2.1)

: z Z3 Z5 Z7

Sinz=F-S7+ -t (2.2)
2 4 6

cosz:l—g—!+2—!—%+... (2.3)

HertpynHo mokasaTh, Monb3ysAch MpusHakoMm [lamamOepa, 9To 3TH PSIIBI CXOISITCS U IS
moboro kKoMmIviekcHoro uucna z. Iloatomy dopmynst (2.1), (2.2), (2.3) ecTecTBEHHO

B3STh 3a omnpeneneHus GyHKIUNA e, sinz, cosz IS JIOOOr0 KOMIUIEKCHOTO YHCHIA Z.
3aMeTuM, 4TO (PYHKIUH sin z, cos z HEIb3sl ONPENENIATh, KaK B TPUTOHOMETPHH, T.K. IO

z HE MOXET ObITh KOMIUIEKCHBIM. [103TOMY 1 MPHIILIOCH MPUOETHYTh K TIOMOIITH PSIJIOB.
Tak kak psAaq JUISL sinz COACPKUT TOJBKO HEUETHBIC CTEICHH z, TO
sin(—z) =—sinz, T.e. QyHKUUS sinz — HeYeTHas. Py At cosz COAEPHKHUT TOJIBKO YeT-

HbIE CTENEHU z, TIO3TOMY cos(—z)=cosz U (QYHKILUS cosz — YETHas.

Ceazb mencoy pynkyuamu e”, sinz, cosz
I). 3anumem QyHKIUIO ' :



SN2 N3 A S

iz)" (iz)" (iz)  (iz)
+ + + +...

2! 3! 41 5!

CrpynnupyeM cliaraeMele, CTOSNIAE HA HEYETHBIX MECTAX, U OTIAEIBHO CJIaracMele,

CTOSIINE HA YETHBIX MECTAX, U YUTEM, UTO i>=—1, i’ =—i, i*=1, i’ =i, ...:

iZ_l 2z . 22
e = —2—!+4—!—... +1 Z-y-'-y—... .

CymMa niepBoro psijia paBHa cosz, CyMMa BTOPOTO psiJia paBHa sin z. [loaTomy

eiZ:1+(iz)+(

e'? =cosz+isinz. (2.4)

2). 3amensisa B popmynie (2.4) z Ha —z W UCHOJIb3Yd YETHOCTh (PYHKIUU cosz U He-
YETHOCTh (DYHKIIHMH sin z , TOTYIUM

e =cosz—isinz . (2.5)
CxnmageiBags © BelumTas Qopmynsl (2.4) m (2.5), momyumm: e'“+e'?=2cosz,

e?—e'? =2isinz, nIK

iz —iz iz —iz
cosz:% , sinz:% . (2.6)

®opmysl (2.4), (2.6) ycTaHABIMBAIOT CBS3b MEXKAY QYHKIUSAMU e, sinz, cosz H
HAa3bIBAIOTCS ghopmynamu Jiinepa.
Ceoiicmea pynkuuit e, sinz, cosz
1). eft2 =i o2,

JlefiCTBUTENBHO, UCTIOJIB3Ysl ONpeAesieHne PYHKIIMH e, TOTy4YuM

Z; Z2 Z3 Z4 Z 22 Z3 Z4
efle2 = 1+ 24 1+1—%+%+%+%+... =

Z+2, le+22122+222 Zl3+321222+321222+223
1l 20 * 20 *

2 3
Zlif!Zer(Zl J;'Zz) +(21;!22)

=1+ A2,

+..=e¢€

2). yHKIMA e UMEET MEePHOA T=2mi.

JlelicTBUTENbHO, UCTIONbB3YS MPEAbIAYIIEe CBOWCTBO, a 3aTeM Gopmyy (2.4), moayuum

Z+2mi 27 z .. z
e M =" e =e” - (cos2m+isin2r)=e”.

3). OyHKIMH sinz, cosz UMEIOT niepuoa T = 2r .
JleficTBUTENIBHO, UCTIONB3YS hopmyity (2.6) U TepuOANIHOCTH QYHKIMH e, MOTyIUM
ol (z+27) to (z+27) REI

cos(z+2rm) = 5 = 5 =CoSz.

AHAJOTrUYHO MPOBEPSIETCS NEPUOANYHOCTD (PYHKIIMH sin z .

4). a) sin®z+cos’z=1,

0) sin(z £z,)=sinz-cosz, £cosz sinz,, TI)sin2z=2sinz-cosz,

. . 2 . 2
B) cos(z £z,)=cosz -cosz, Fsinz -sinz,. J) cos2z =cos” z—sin”z.



JI71st mpoBEpKU MEPBHIX TpeX (HOPMYI HY)KHO 3alUcaTh sinz, cosz MO ¢popmyiaaM -
nepa (2.6). Cnenyromiue ABe GOPMYIIbI MOTYUAOTCS U3 TPEABIAYIIUX MPU z; = Z, .
5). ®yHKIMH sinz, cosz — HE OTPAaHUYEHBI HA KOMIUIEKCHOM TIOCKOCTH.
i(in) =i (in) e
2 2
O6paTum BHUMaHHE, 4TO cBoicTBa 1), 3), 4) pyHKIMI €, sinz, cosz Takue xKe,
KaK JiyIsl COOTBETCTBYIOIMMX (PYHKIUM NEHUCTBUTENbHON nepeMeHHo. CBoMCTBa ke 2)
1 5) IMEIOT MECTO TOJBKO ISl PYHKIIUN KOMILJIEKCHOMN MepeMEHHOM.
[lepeuuncienHble CBOMCTBA UCTIOIB3YIOTCS MPU BBIUUCICHUH 3HAUCHUHN ()YHKITUN

Hanpumep, cos(in) =< —> o NPU n—> o

e?, sinz, cosz W MPHU PEIICHUN YPABHCHUH, COACPKANTUX 3TH (HYHKIIHH.

Ipumep 2.1. Beraucnuts >

Pewenue. Tlo coiictry 1) u popmyie (2.1): & =¢>-e™' =& (cosw+isinz)=—¢ .

T'unepoonuueckue pynkyuu

I[JISI KOMIIJICKCHOT'O apTryMCHTA I‘I/IHep6OHI/IquKI/IC CUHYC U KOCMHYC BBOIAT-
Ci TaK XK€, KaK IJIA HeﬁCTBHTGHBHOFO aprymceHra, T.c.

zZ —Z z Z
shz=€=€—, chz=¢3¢—|. 2.7)

[lepeuncnum cBoicTBa PyHKIMH shz, chz.

1). ®yukiuu shz, chz UMelOT nepuoa 2zi (Tak ke, Kak QyHKIus e ).

2). JInd KOMIUIEKCHOTO apryMEHTa CYIIECTBYET CIIEAYIOIasi CBA3b MEXIAY TPUTOHO-
METPUYECKUMU U TUNIEPOOTNUECKUMU (DYHKIIUSIMU:

cos(iz)=chz,  sin(iz)=ishz 2.8)
ch(iz)=cosz, sh(iz)=isinz :
i(iz) | -i(iz)  z, -z
IIpoBepuM oaHy U3 3THX GOpMyYIL: cos(iz) =< +2€ =¢ +Ze =chz.
3). 151 KOMIUIEKCHOTO apryMeHTa (KakK U JJis IeUCTBUTEIBHOTO):
ch’z-sh’z=1,
sh2z=2shzchz, ch2z=ch?z+sh?z.
Ilpumep 2.2. Beuuciuth: a) sh%i , 0) chri, B) cos (%+i In 2).
Pewenue. a) sh%i = isin% =i; ©0)chmi=cosw=-1;
B) cos(% +iln 2) = cos%cos(z’ln2)— sin%sin (li In2)=-sin(iln2)=—-ish(In2) =
_ o2 _ ,-In2 :_iz_(z) _ 3i
2 2 4"

Jozapupmuueckaa pynkuusn
Jlorapupmuyeckas QyHKIMS BBOAUTCS Kak oOpaTHas K MOKa3aTelIbHOM, T.€.
w=Lnz,ecan z=e".
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Iycth w=u+iv. Tak kKak z=¢", T0 z=e"""V=¢".¢'"; orclona z =e"(cosv+isinv).
MBI MOJTYyYHIH TPUTOHOMETPHUYCCKYIO (OPMY 3alUCH YHCIA z, TAE e — ero MOJIYIIb,
a v — ero apryMeHT, WIN OTIMYaeTCsa OT apryMeHTa Ha 2rk. TakuM obpasoMm, e'=|z|
Wil u=In|z|; v=argz+2zk. [lo9TOMY 111 BBIUMCIEHUA Lnz =u +iv MOTy4aeM cie-
AYIOIIYIO GOpMYITy:

Lnz=In|z|+i(argz+27k), k=0,+1%2,... (2.9)

3HadeHUEe 3TON MHOTO3HAYHON (YHKIMH TMPU k =0 HA3BIBAIOT IJIaBHBIM 3HAYCHUEM
norapudma u 0603HaYAIOT Inz .

Ha ¢ynkuuio Lnz pacrpocTpaHsieTcs: psiJl CBOMCTB Jorapudma 1elCTBUTENbHOTO
IIEPEMEHHOTO:

I Ln(z1 -22) =Lnz +Lnz,, 2) Ln(;—;j =Lnz -Lnz,,
3)Im(qa):Zanq, 4)emzzz.
Jlokaxkem, HarmpuMep, MepBOe CBOWCTBO:
Ln(q-Zz)zlnlq-22y+iAJg(4-22):1n(kd¢zﬂ)+i(Argzr+Augzz):
:(ln|zl|+iArgz])+(ln|zz|+iArgzz) =Lnz +Lnz,.
Ilpumep 2.3. Bpuncianthb ln(—l —i \B)

Pewenue. Haliném Moy 1 apryMEeHT KOMITIEKCHOTO Yucia z = —1—i+/3 (cM. mpumep 1.1):

‘2\22, argzz—zTﬂ.

Toraa no popmyne (2.9) umeem:

ln(—l—i\/g)zln2+i (—2—”)

3

Q000uwennbvle cmenenHasa U NOKA3amenvbHas GyHKuyuu

Crenennast GyHKUMsT w=z“ C NPOU3BOJBHBIM KOMIUIEKCHBIM I1OKa3aTeleM
a=oa+if3 ONPENENsIeTCs] PABEHCTBOM

w=z%—¢ :eaan

Iloxa3arenbsHas q)yHKHI/ISI w=a’ C IMPOU3BOJIBHBIM KOMIIJICKCHBIM OCHOBAHU-
EM a=a + iﬁ OoNpeaACICTCA paBCHCTBOM

L A
W:az:e na :eana

ei(lnl+i(7r/2+27rk)) —(m/2+27k)

Hpumep 2.4. i’ =M = =
Oopammnvle mpuzonomempuuecKkue u cunepoonuyeckue Qyukuyuu

ITo onpenenennro

w=Arcsinz, €CJIM sinw=2z; w=Arccosz, €CIIU cosw=z;
w=Arctgz, €CIHU tgw=z; w=Arcctgz, €CJIIM ctgw =z,
w=Arcshz, €ClIH shw=1z; w=Arcchz, €ClIU chw=z;
w=Arcthz, eclid thw=z; w=Arccthz, €ClI cthw==z.
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Ilpumep 2.5. Bpruucauth w = Arcchi.

Pewenue. 13 ycroBust w = Arcchi UM€eEM:
w

chw=i = eMTe_:i = &V -2ie" +1=0 = " =ity ~1=i(1£2) =

w :Ln[(1+\/§) i:|:1n(1+\/5)+i(%+2ﬂk],
wy = (1-2) ] =tn (2 1) i Z2mk |

2.2. [Ipenes u HempepbIBHOCTH GyHKIUMN

Omnpenenenue npenena GyHKIMA KOMIIJIEKCHOTO TIEPEMEHHOTO COBIAJACT C aHa-
JIOTUYHBIM ONpeIeIeHUuEM sl GYHKIIUU ACHCTBUTEIBHOTO mepeMenHoro. s ¢op-
MYJIMPOBKH OTIPEICIICHUS BBEJEM HAa KOMILIEKCHOW TUIOCKOCTH TOHSITHE OKPECTHO-
CTU KOHEYHOH TOUKH (pHC.6) U OKPECTHOCTU OECKOHEYHOCTH (pHC.7).

&~ OKPECTHOCTb KOHEUHO# TOUKH S, (zy)={z: |z-zy|<¢& };

£ — OKPECTHOCTh OECKOHEUHOCTH S, (0)={z:|z|>¢ };
BBIKOJIOTAsI & — OKPECTHOCTH KOHEYHOM TOUKU Se (z0)={z: 0<|z—z|<&};
BBIKOJIOTAsl & — OKPECTHOCTH OECKOHEUHOCTH Se (0)=8s(0)={z: |z]|>¢}.

] SR

I
&
=)
v

v

Puc.6 Puc.7

Onpedenenue (Ha s13pIke OkpecTHOCTEN). KoMIekcHoe uncino 4 Ha3blBaloOT Mpe-
nenoM (QyHKUUHM f(z) OpU z—>a (4, a—KOHEUHbIE MIM OECKOHEYHBIE), €CIM Ui

JIFOOOT0 MOJIOKUTEIIBHOIO & HaﬁI[CTCSI TaKO€ IOJOXKUTEIBHOE YHUCIIO 6 , UTO

f(z)eS,;(A4) Kak TOJIBKO z e Ss (z5)-

Onpeodenenue (Ha si3bIKe HEPABEHCTB). PacCMOTPUM HECKOJIBKO CIIydaeB.

1). lim f(z)=4 (a, A-KOHEYHBIE), €CIIU A1 ¥V £ >0 I & >0 TaKoe, 4yTO
zZ—a

| (z)-4|<& xax TomBKO 0<|z-0|<35.

2). lim f(z)=w (a —KOHEYHOE), €clu Ui V £ >0 3 §>0 TaKoe, 4To
zZ—a

‘f(z)‘>8 KaK TONBKO 0<|z—a|<5.

3). lim f(z)=4 (A-xoHe4Hoe), ecnu Ui ¥V £ >0 3 6 >0 TaKoe, 4To
Z—>0

| (z)-4|<& xax TombKO |2|>5 .

Ilpumep 2.6. CymiecTtByeT i lim Z9

z—>0 z
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x—iy I, y=0, x>0, .z
= CrnenoBatenbHO, lim = HE CYIIIECTBYET.
-1, x=0, y—0. 70 z

.z .
Pewenue. lim = = lim :
=0 z x>0 x+1y
y—0

Teopema 2.1. Ilyctb f(z)=u(x,y)+iv(x,y), A=a+ib, zy=x,+iy,. Torna

i /G4 = mul)=a JmvGo)=p

Yoy, ¥,

2 2
Hoxasamenvcmeo. Tak kax | f(z)— 4| :\/ [u(x,y)-a] +[v(x,y)-b]", TO
‘f(z)—A‘—)O npu z >z, <  u(xy)-a—>0, v(xy)-b—>0 Ipu x—>x,. y—y,.
D1a Teopema IMO3BOJIAET MEPEHECTH HAa (PYHKIMHM KOMILIEKCHOIO IIEPEMEHHOIO
OCHOBHBIE CBOMCTBA npeiena QyHKLIUM IBYX AeHCTBUTENLHBIX IIEPEMEHHBIX.
Onpeenenre HEMPEPLIBHOCTU 11l (PYHKIUH KOMILIEKCHOTO IIEPEMEHHOIO COBIIA/Ia-
€T C aHAJIOTMYHBIM OIPENEIECHUEM sl (DYHKLUU JERCTBUTEILHOTO IIEPEMEHHOTO.
DyHkuys f(z) Ha3bIBACTCSA HENPEPLIBHOI B TOUKE z,, €CIIU

lim f(z) :f(zo) .

Z—)ZO

JUist HenpephIBHOCTH (PYHKIMH KOMILIEKCHOTO TIEPEMEHHOTO [ (z)=u(x,y)+iv(x,)
B TOUKE z, = X, +iy, HEOOXOIMMO M JOCTATOYHO, YTOOB! PyHKIMHK u(x,y), v(x,y) ObLIA
HENpepbIBHBI B TOUKE (x,,y,) (cnemyeT u3 Teopemsl 2.1).

OTO MO3BOJISET MNEPCHCCTU Ha Q)YHKI_II/II/I KOMILICKCHOI'O IMEPEMCHHOI'O OCHOBHBIC
CBOMCTBA HCITPCPBIBHBIX (1)YHK]_II/II‘/’I ABYX I[CﬁCTBHTGJ'IBHBIX IMCPCMCHHBIX.

2.3. Inddepennupyembie GyHKIUN
Dynkuus f(z) Ha3bIBaeTCs Ougpepenyupyemoit B TOUKE z,, €CIIM OHA UMEET B

3TOM TOYKE IIPOU3BOJAHYIO

f'(zo): lim M_

z—> 2 Z—Z Az—0 Az

W3 onpenenenus npou3BOJHON U CBOMCTB npenena GyHKUUU CIIETYET, YTO s
(GyHKUMHA KOMILIEKCHOTO TMEPEMEHHOTO COXPaHSIOTCS OCHOBHBbIE mpaBuiia audde-
PEHIIUPOBAHMSI CYMMbI, MPOU3BEIEHUS, YaCTHOTO, MNpaBWiIo IudPepeHIrpoBaHUs
CJIOXHOU (PYHKIUU:

L7 (w(2))]. = furwt.

BblsicHuM, IIpH KakuX ycloBusixX GyHKIMA [ (z) Oyner nuddepeHupyeMoi.

Teopema 2.2. Ilycte GyHKImY u(x,y), v(x,y) — 1udPepeHIINPYEMBI B TOUKE (X, ).
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Oynkuusa f(z)=u(x,y)+iv(x,y) Oyaer nuddepeHIUpyeMoit B TOUKE z=x+iy TOrJa
¥ TOJIBKO TOTJa, KOTJa BBIMIOJHAIOTCS cienytommue ycinoBus Komm-Prumana:

wy=vy,, u,=-v |. (2.10)

Hokazamenvcmeo. Heobxooumocme. Ilycts QyHkuus f(z) auddepeHuupyema B
TOYKE z, T.€. CYLECTBYET Mpee

oy e Af(2) L Au(xy)+iAv(xy)
SE)=lmTas T Ay
Ay—0

MpUYeM ITOT TPeJei HEe 3aBUCHUT OT criocoba crpemiienust Ax u Ay k Hynro. B gacT-
HOCTH, IIpU Ay =0, Ax > 0 UMeeM

Au (x,y)+ iAxv(x,y)

f'(z)= lim =u +iV,.
&)=, Ax e
IIpu Ax=0, Ay - 0 umeeM
. L Ayu(x,y)+iAyv(x,y)_ .,
f(z)— lim - =V, —iuy,.
Ay—0 iAy
CpaBHHUBAsI 5TH PABEHCTBA, MONYIUM: uy +iv, =V), —iu), = u =V, u)=-v.

Hocmamounocms. Ilycts BbinonHeHbl ycnoBud Komu-Pumana n dynkuun u(x,y),
v(x,y) — anbdepennupyemsl. Torna

Au=u Ax+ uivAy+o(p) ,

Av =V, .Ax +vivAy+o(p).

3nech p =+ (Ax)’ +(Ay)’ =|Az|. Torna

Af(z):Au+iAv:(u;C+iv;C)Ax+(u3,+iv3/)Ay+0(|Az|).

Bo BTOpOIt CKOOKE 3TOr0 paBeHCTBa BocHoJib3yeMcs yciaoBusimMu Komu-Pumana:
uy, +ivi, ==V +iu =i* Vi =i(u+iv,);
Af (z) = (u +ivi) A +i(u +iv;)Ay+0(|Az|) = (u, +iv§c)(Ax+iAy)+o(|Az|): (ut', +iv;)Az+o(|Az|).
[ToaTOMy CylIecTBYET IPOU3BOIHAS
u. +ivi.)Az+o (|Az o(|Az

Az—m%(;) B AlziIEO i) Az o St AlziEO (|AZ |)
T.€. QyHKIMA [ (z) — nudpdepeHnupyema, npuueM f'(z)=u +iv}

Cneocmeue 1. Ecnv 11 yHkuuu f (z) BbinonHstores yenosust Komm-Pumana, To

o . !
—ux+lvx,

f’(z):u;ﬂ'v;c:vg,—iug,:u;—iu;:v;+iv;.

[lepBast U3 3TUX (POpMYI MONTyUYEHA IPH JIOKA3ATEIbCTBE TEOPEMBI, OCTaJIbHbBIE (OP-
MyJIbI CIEAYIOT U3 ycaoBuid Komm-Pumana.

Cneocmeue 2. DnemeHTapHble QyHKIMN sinz, cosz, e”, z", Inz (z#0), shz, chz-
muddepeHunpyeMbl, IpuyeM

(sinz)’:cosz, (cosz)' =—sinz, (ez)’:ez, (z”)':nz”_l,
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(Inz) =L (2#0), (shz) =chz, (chz) =sh-.
z

JIoKa)keM 3TO yTBEpKIACHHUE, HApuMep, 1t GYHKIMH sin z. J[JIs 3TOro BBIACIHM
JCHCTBUTEIBLHYIO K MHUMYIO YaCTH 3TON (PYHKIIMH:
sinz =sin(x +iy)=sinx-cos(iy)+cosx-sin(iy)=sinx-ch y+icosx-shy; =
u(x,y)=sinx-chy, v(x,y)=cosx-shy.
IIpoepum ycnosust Kommn-Pumana:

r ! I a1 _ !
uy =cosx-chy=v, wu,=sinx-shy=-v,.

Tak kak ycnoust Komm-Pumana BeIOTHSIOTCS, TO GYHKIMS sin z— quddepeHumpyema u

(sinz)’ =u, +iv, =cosx-chy—isinx-shy=cosx-cos(iy)-sinx-sin(iy)=cos(x+iy)=cosz.
Ipumep 2.7. Uccnenosats, Oyner mu quddepenuupyema GpyHkuusa f(z)=z-Rez.
Pewenue. YuuteiBas, 4to z=x+iy, Rez = x, IOJy4UM

f(z):(x+iy)x=x2+ixy .

Taxkum oOpa3oM, Mbl BbIICIUIM Yy GYHKIMU f(z) €€ JEHCTBUTENIBHYIO YacCTh u = x> u
MHUMYIO 4acThb v = xy . Hailiem yactHble pon3BOJIHbIEC 3TUX PYHKIMA: o) =2x, V. =y,
u, =0, v, =x. Yenoust Kommm—Pumana u) =V, u), =-v, BBIIOJHSIIOTCS TOJIBKO IPH

y
x=y=0.Iloaromy byHKIMSA [ (z)=2z Rez quddepeHupyema TOIbKO B TOUKE z =0.

I'eomempuueckuii cmvict apzymenma u Mooy nPOU3800HOIL
1). Ha niockoctH (z) paccMOTPUM TOYKH z, M z, KPUBYIO y, HX COEIUHSIOILYIO,
U yToJl ¢ HaKJIOHA CeKyllen z,z (puc. §).
IIpu oToOpaskeHnn w = f(z) HOIY4UM B IJIOCKOCTH (w) UX 00pasbl: TOUKU wy, U w,

KpUBYIO ", UX COEIMHSIIONIYIO, U YTOJ § HakKJIOHa ceKyuled wyw (puc. 9).
A A

() , () r

V4 w

20 Wo

@ 0

v
v

Puc. 8 Puc. 9

ITo onpeneneHnnio MPOU3BOTHOM

£(z)= lim 22— fim Y™ 2.11)

Az>0 Az Az-0 z-—z,

Tak kak Mpu JCICHUHM KOMIUJICKCHBIX YHCEI MX apryMEHTHI BBIYUTAIOTCS, TO W3
paBeHcTBa (2.11) cienyert, 4To

arg f'(zo)= lim arg(w—wy)— lim arg(z—z,).
WoIW) ——— ' I ————
yeon 6 yeorn @
IIpu z—>2z, umeem: W—>W,, yrojl HaKJIOHa ¢ CEKYyIIEH z,z CTPEMUTCSA K YIIIy

HAaKJIOHA ¢, KacaTeJbHOM K KPUBOU y B TOUKE z,, YIOJ HAKIIOHA 6 CEKYILUEeU w,w
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CTPEMUTCS K YIJ1y HaKJIOHA 6, KacaTeJIbHOM K KpUBOM I’ B TOUKE w,. [loaTOMY

argf’(zo) =6 — @y.

OTO paBEHCTBO BBHIPAXKACT 2e0MeMPUUECKUIL CMBICTI APZYMEHMA RPOU3BOOHOIL:

arg f'(z,) €CTb YroJ IOBOPOTa KacaTebHO! K KPHBOH » B TOUKE z, IIPU OTOOPHKEHUH f (z) .

[ycth y, — apyras kpuBasi, IpOXOASIIAs Yepe3 TOUKY z,,
¢, — YToJl HaKJIOHA €€ KacaTeJIbHOU K OCH ox,
I',— 00pa3 y,, NPOXOAAIIMI Yepe3 TOUKY wy ,
0, — yroJl HaKJIOHa €€ KacaTeJIbHOU K OCH ox .

Torna arg f'(zy) =6, -y, arg /'(zy) =06, — ¢, . BeldnTas 3TU 1Ba paBeHCTBA, NOIYYUM

0, -0, =9 — 9|, T.e.

YroJI MeXTy 00pa3amMy KPUBBIX B TOUKE w,, PABEH YITy MEXTY KPUBBIMHU B TOUKE Zz, .

OTO ecTh CBOMCTBO COXPAHEHMS MM KOHCEpPBAaTU3Ma YIJIOB B TOUYKE z, MPU OTOOpa-
KEHUU w = f(z).
2). U3 paenctna (3.1) cienyer:
w . wW—=W, wW—W,
o Jww]Jwew

E Az—0 |Z—ZO| - |Z—ZO|

= |W—w0|z‘f'(zo)‘-|z—zo|, T.€.

|[Aw|=[f(20)]]Az]].

DTO paBEHCTBO BBIPAXKACT 2e0MeMPUUECKULL CMBICTT MOOYA RPOU3BOOHOIL:

BEJINYMHA ‘ f ’(zo)‘ onpezenseT Ko3pPuuueHT n3MeHeHus (mogo0us) JUITMHBI JH000H

OECKOHEYHO MaJIO! JIYTH, BEIXOASALIEH U3 TOUKH z, IIPH OTOOpaKEeHUU w= f(z).

Tak xak ko3 punUeHT n3MeHeHus (Mo100us1) OJUHAKOB IS JTI000H O€CKOHEUYHO Ma-
JIOM TyTH, BBIXOJSIIEH U3 TOYKU z,, TO 3TO CBOMCTBO HA3bIBAIOT CBOMCTBOM MOCTOSH-

CTBA PACTAKECHUM.
Ilpumep 2.8. Haititu yron moBopota U KO3(PUIMEHT 1oa00us I000i Maol KpH-
(v (V) zZ— ZO
BOH, BBIXOJAIIEH U3 TOUKH z, IIPH OTOOPaXKEHUH f(z)=—".
zZ—Z
0

Pewenue. Haitnem npon3BogHy0 3TOH QYHKIMH B TOUKAX z U z,:

z0-Z (xo+iyg)—(x—iye) 2¥y

(z-3) :(2—70)2’

Toraa yron nmoBopoTa 11000 KpUBOM, MPOXOAAILEH Yyepe3 TOUKY z,, IPU JAHHOM OTO0-

f,(z)zl-(z—zo)—l-(z—zo) 2y =%, 7(z0) 1 1 —i

pakKeHHHU paBeH arg f'(z,) :%, eclu y, <0 U paBeH arg f'(z,) :%, eci y,>0.

—i 1

Kosddurment nogo0us B Touke z, paseH | f'(zy)|= EERRETEw
Yo Yo

(yO;tO).
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2.4. Avasmtudyeckue pyHKuumn
B Teopun pyHKIMI KOMIUIEKCHOTO MEPEMEHHOTO BaYKHYIO POJIb UT'PAET Kilacc aHa-
nutnueckux QyHkuuid. OgHo3HayHas QYHKIMA f (z) HA3BIBACTCS AHATUMUYECKOU 6

mouke z , eciau oHa tuddepeHimpyemMa B 3TOM TOUKE U B HEKOTOPOH €€ OKPECTHOCTH.
OpnnosHayHas GyHKIMA f(z) Ha3bIBACTCS GHATUMUYECKOU 6 odnacmu D, eciu
OHA ABJIIETCS AHAJIUTHYECKON B KaXKI0W TOYKE DTOM 00IaCTH.
VYkaxkeM psifi CBONCTB aHATUTHUECKUX (YHKITUH.
1). ®ynkuusa f(z) sABIsSETCS aHANIUTUYECKOW B 007dacTM D TOrZAa U TONBKO TOTAA,
KOrJia B 9TOM 00JlacTu ee NeUCTBUTEIbHAS U MHUMAs YacTH YJOBJICTBOPSIOT YCJIOBH-
aMm Komm-Prumana.

2). CymmMma, pa3HOCTh, IPOU3BEACHHUE, CYNEPHO3UIMNSI aHANUTHUECKUX (QYHKLIMNA sB-
nst0TCA QYHKIUSAMU aHATUTHYECKUMU. YacTHOEe aHamUTUYEeCKUX QYHKIUN SBIsSETCA
aHAJIMTUYECKON (yHKIMEH, €ClIM 3HaMEeHATelNb He 00palaeTcs B HyJIb.

3). Ilycts bynkuusa f(z)=u(x,y)+iv(x,y) ABIAETCA aHAIUTUYECKON B 0OIacTH D.
Torna B 370l O6mactu QyHKUMU u(x,y), v(x,y) ABIAIOTCI FAPMOHUYECKUMHU, T.€.
yJIOBJICTBOPSIOT ypaBHEHHMIO Jlaraca:

" "o " "
Upe +tty, =0 |, | Vi +V], =0 | (2.12)

JlokaskeM 9T0 cBoMcTBO. Tak Kak QyHKUUs [ (z) sSBIAETCA aHAIUTUYECKOH, TO ee JIei-
CTBUTEJIbHAS M MHUMAs YacTH u(x,y), v(x,y) yIOBIETBOPsIOT ycnosusaM Kommu-Pumana:
v Uy, =—v,. lIponuddepeHimpyem neppoe paBeHCTBO M0 X , BTOPOE — 10 y

" "

Uy =Viy, Uy, ==—Vi.
CkuazpiBasi 5TH PaBEHCTBA, MONYYUM: uy, +u’, = 0. AHAJOTHYHO JOKA3BIBAETCS, YTO
GyHKLIUA v(x,y) TaKKe ABIAETCA TAPMOHHYECKOM.

OTrmeTHM, YTO U3 rapMOHMYHOCTH QYHKIMHI u(x,y), v(x,y) HE cleayeT aHaauTHY-
HOCTb QyHKIMHU f (z)=u(x,y)+iv(x,y). Hanpumep, mna dynkiuun f(z)=z=x-iy ee
NefcTBUTENbHAS U MHUMAs 4acTH u(x,y)=x, v(x,y)=-y ABIAIOTCA QYHKIMAMH rap-
MOHHMYECKIMH, HO HE Y/IOBJIETBOPAIOT ycaoBusaM Komm-Pumana, T.e. ynkims f(z)=z

HE SIBJISICTCS aHAJIUTUYCCKOM.
4). Eciv u3BecTHa JeHCTBUTEbHAS UM MHUMAs YacTh aHATMTUYECKOH pyHKIMU f (z),
TO C TOYHOCTBIO JI0 IOCTOSHHON MOXKET OBITh BOCCTAaHOBJIEHA camMa PyHKIuUA [ (z).
ITycTs, HanpuMep, U3BecTHA Re f(z)=u(x,y). TpeOyercsa Haidtu Im f(z)=v(x, ).
Bocnonbezyemcs ycnosusimu Komn-Pumana:
Ve=—uly, v, =uy. (2.13)

HepBoe N3 3TUX PABCHCTB IIPOUHTCIPUPYEM 110 x C TOUHOCTBIO 1O KOHCTAHTHI c(y) , HC

BaBI/ICHH_Ieﬁ oT HCpCMCHHOﬁ HHTCTPUPOBAHA
_ '
V——J.uy dx+c(y).
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Jnst oThIcKaHus ¢(y) clemyeT NOJCTaBUTh HaiiieHHyI0 QYHKIMIO v(x,y) BO BTOPOE M3
paBeHCTB (2.13).
Ipumep 2.9. Haiitu aHanutidecKyro QyHKIHO f (z), y KOTOpPOil
Imf(z):v(x,y):6xzy—2y3 -y.

Pewenue. TpeOyetcs HaiiTh Re f (z) =u(x, y) . Bocnonssyemcs ycnopusavu Korm-Prumana:

u;:vg,=6x2—6y2—l, uy=-v,=-12xy. (2.14)
PaBencTtBO i), =6x?—6y° -1 MPOMHTETPUPYEM T10 X :

u :I(6x2—6y2—1)dx:2x3—6y2x—x+c(y).
JUst oTbicKanHus ¢(y) TNOJCTABMM HalIEHHYIO (QYHKIMIO  (x, ) BO BTOPOE U3 paBeHCTB (2.14)

uy=—=12xy: u), =—12xy=-12xy+c'(y) = d(y)=0 = ¢(y)=c. Torna
u :2x3—6y2x—x+c,
f(z):u+iv=(2x3—6y2x—x+c )+i (6x2y—2y3—y)=
:—(x+iy)+2(x3+3x2(iy)+3x(iy)2+(iy)3)+c z—(x+iy)+2(x+iy)3+c.

CrienoBarensHo, f(z)=22"-z+c.

3. HurerpupoBanue pyHkumii

3.1. OmnpenesieHue U CBOMCTBA HHTEIPaIa

IIyctes (L) — rnaikas OpUEHTHPOBAHHAs JIyra Ha KOM-
IUIEKCHOMU IUIOCKOCTH z, f(z) — HempepbiBHas (QyHKIMS, 3a-
naHHas Ha ayre (L). PazoObem nyry (L) NpoH3BOJIBHBIM 00-

pazoM Ha n s4eek (dJIEMEHTApHBIX JAYr) TOYKaMU
2y, Zysenz, (pUC.  10). B a3TuX sueiikax BbeIOEpeM MpoOU3-

n
BOJBHO TOYKU Z,Z,,...Z,. CoctaBuM cymmy > f(%)-Az;,
k=1
rae Azp =z, —z;_,. JTa CyMMa Ha3bIBAaeTCS MHTETPAIbHOH CyMMOH (yHKIMH f(z)

no ayre (L). Haiinem npenen UHTErpanbHOM CyMMBI IIPU CTPEMIIEHUU K HYJIIO BEJIH-

YUHBL d = ltélkagq{ Az}

n
Ecnu cymectByer npenen MHTErpaabHOW CyMMBbI z f(Z)-Az, opu d— 0, HE 3aBUCH-
k=1
Ui OT crocoba pa3oueHust Iyru L W OT BBIOOpA MPOMEXKYTOYHBIX TOYEK Z;, TO ITOT
TpeZIell Ha3bIBAETCs MHTErpanoM QYHKIMU [ (z) 1o gyre L 1 0003HaYaeTcs I f(z)dz:

(£)
I f(2)dz=1lim ) f(Z)-Az. (3.1)

(L) d—0 =1
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I[JISI 0003HAYECHHUST HHTCTpaJia 1o 3aMKHYTOMY KOHTYPY UCIIOJIB3YyCTCA 3HAK § .
L

Ceoilicmea unmezpana

j [u(x,y)+iv(x,y)] (dx+idy): J. [udx—vdy]+i j [vdx+udy] .
(L) (£) (L)
2). [Ipu u3MeHeHnH OPUEHTALIMH IyTU UHTETpall I /(z)dz MeHseT 3HaK.

(L)

J‘ f(z)dz+,u '[ g(z)dz.
(L) (£)

1). If(z)dZ:
(L)

3). J‘[ﬂ,f(z)+,ug(z)]d22/1
(L)

4). TlycTs ‘f(z)‘ﬁ M wa nyre (L). Torma I f(2)dz|<M-L,rae L — inHa IyTy.
(L)
5). IycTh z = z(¢) €CTh MAPaMETPUUECKOE YPABHEHHE IyTH AB, IPUYEM KOHIAM JyTH

A m B COOTBETCTBYIOT 3HAUEHHUS TAPaAMETPOB ¢, U ¢y Torma

(I)f(Z)dZtff(Z(t))Z’(t)dt- (3.2)

4

OTH CBOWCTBA CIEAYIOT U3 ONpPEACICHUS WHTETpaia; HalpuMmep, IPUBEACM BbI-
BOJI CBOICTBa 4):

n n n
Y F(E)Az <G| |Az] <M Y Az <ML .
k=1 k=1 k=1

®opmyiy (3.2) ynoOHO HCTIOIB30BATh AJI BhIUMCICHUS nHTerpana. [lokaxeM 310 Ha
CJIEAYIOIIEM IPUMEPE.

\f(zk)\SM =X

dz
(L)<Z_Zo &

TOYKE z, PAAUYCOM R, OPHEHTUPOBAHHON IPOTUB YaCOBOM CTPEJIKU.

Ilpumep 3.1. Beluuciautbs HHTErpan [, = [0 OKPYXXHOCTHU C LIEHTPOM B

Pewerue. BpraucaM 3TOT MHTETPA, UCTIONB3Ys paBeHCTBO (3.2). st 3TOro 3amuiiem
napaMeTpUYECKUe YPaBHEHHSI OKPYKHOCTH: x—x,=Rcost, y—y,=Rsint, t€[0,2z]. Or-

crofa z—z,=(x—x,)+i(y—y,)=Rcost+iRsint=R-e'’, T.e. Mbl MONy4UIN napamem-

puueckoe ypasHenue OKpyHcHocmu B KOMIUIEKCHOU (popme

z:zo+Reit, te[0,27] |. (3.3)
Broruucnoum dz = zpdt = R-ié'dt u OACTaBUM B MHTCIpal:
2r ; 2
Rieldt i i (1-n) ¢
Inzj = _lje( )dt.

N Y
0 (Re”) R0
2
Cnenyer pasnuuath ABa ciydas. IIpu n=1 umeeM: [, =i I edt=2ri.
0
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Ipu n =1 nomyunm: I, =—L o | 1 [ezm(l_")—eo]
Rn ‘ (1-n)

Yucno 2rzi-(1-n) KpaTHO mepuony 2ri HOKa3aTenLH0ﬁ GYHKIMHM, TO3TOMY

e2mi(ln) _ o0y I,=0 (n=1). Takum oOpazom,

dz {27?1',11:1

(L) (z—zo)n 0, n=1.
Ilpumep 3.2. Bpluuciuts HHTETpall I z-Rezdz v
() 1

a) MO OTpPe3Ky 04 ; 0) Mo OTpe3Ky 4B ; B) MO OTPe3Ky BO; T) MO
JoMaHON OABO (puc. 11).

Pewenue. 0

a). Ha otpeske 0O4: y=0, z=x+iy=x, dz =dx, Rez = x. [loaTomy
1

_ — (. -1

I = I zRede—jx xdx—3.
04 0

Puc. 11

0). Ha otpeske 4B: y=1-x, z=x+iy=x+i(l-x), dz=(1-i)dx, Rez = x. [loaTomMy

0
I, = I zRezdz:I[x+i(1—x)]-x(1—i)dx:—%+%i.
AB 1
B). Ha otpeske BO: x=0, z=x+iy=iy, dz=idy, Rez=0, x €[0,1]. IToaTOMy
0
I3 = I zRezdz=Iiy-0-idy=0.
BO 1

r). I zRezdz =I|+ 1, + I; :%+(—%+%i)+0:—%+%i.
04BO

3.2. UnTerpajibHbIe TEOPEMbI

Beenem crienyromniue noHstrs. O6macte D HAa30BEM OJHOCBSI3HOM, €C-
JM TS JTF000TO 3aMKHYTOTO KOHTYPA, JIEXKAIIETro B ATOM 00JIacTH, OrpaHu-
YeHHAs UM YacTh IUIOCKOCTH MPHUHAUICKUT D . B mpoTHBHOM citydae 00- (1)
JacTh Ha3bIBACTCS MHOTOCBSI3HOW. BbIpaskasch 00pa3HO, OIHOCBS3HAS
TI0CKast 001acTh — 3TO 00J1aCTh 0€3 BIPOK (pHc. 12), a MHOTOCBsI3HAs 00-
JIaCTh — 3TO 00JIaCTh ¢ JApIpkamu (puc. 13).

Puc. 12

Teopema Kowu (015 00nocea3noul 0od1acmu).
ITycte yHKLIUS f(z) ABNACTCA AHATUMUYECKOU B 00OHOC6:A3HOI 00NacTU D .

Torna unTErpan OT 3TOM (PYHKIMU MO JII000H KYCOYHO-TIIa KON 3aMKHYTOW KPUBOM L

u3 00s1acTi D paBeH HYIIIO, T.€.

9§f(z)dz:
(2)

(3.4)
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Jokazamenvcmeo. Jlns ynpolieHHs JTOKa3aTelbcTBa OyJeM Mpenanoiaratb Herpe-
PBIBHOCTb IPOU3BOIHON f'(z). 3amuileM UHTErpal B BUE

I f(z)dz: I [udx—vdy]+i I [vdx+udy]

(L) (£) (L)
U ipuMeHuM dopmyity [prHa f Pdx+Qdy = f f (Qy— P))dxdy (puc. 12):
(2) (D)
I [udx—vdy]= ” [—v;c—uﬂ dxdy, '[ [vdx+udy]= ” [u;—vﬂ dxdy .
() (D) () (D)
B cuny ycnosunit Komm-Pumana vy =v),, u), =-Vv, TOABIHTETpaJIbHbIC BHIPAKCHUS B

Ka)XJ0M U3 JBOWHBIX MHTETPAJOB PAaBHBI HYJIIO M MOITOMY 3TH HHTEIPAJbl PaBHBI
HYJTIO, a 3HAYHT, 9§f(z)dz =0.

(1)

2 4e+z- Rez+e SiNZ |7 o noMaHoi

Ilpumep 3.3. Boluuciauth UHTErpan [ = fﬁ i1
z+1

OABO (puc. 11).

Z .
Pewenue. OyHKUM z°+e” + e(-_sm)sz SBIISICTCSl AHAIUTUYECKOW BHYTPH KOHTYpa
z+1

OABO (HyIlb 3HAMEHATEJsl — TOYKa z=—1 JISKUT BHE 00JACTH, OTPAHUYEHHOU ITUM
KOHTYpOM);  00JacTh, OrpaHMYeHHas JIMHUEW HWHTErpUpOBaHUs,  SBJISETCS
onHocBs3HOU. [ToaTomy no Teopeme Ko

)

OABO

Dte +e sinz |

(z+1)

@yHKIUS z-Rez, Kak MOKa3aHO B MpuMepe 2.7, HE SBISETCA AHAIUTHYECKOU.

WuTerpan ot Hee BbIYMCIIEH B ipumepe 3.2: 1, = J z-Rezdz = —%+ <l . Iloatomy
OABO
I=L+1,=—L+1i.
1 2 6 6

Teopema Kowiu (01521 mnozoceasznoi oonacmu). Ilycto
1) D — mHococeaznan obaacms, OrpaHUYCHHAs BHEIIHHUM KOHTYpOM L U
BHYTPEHHUMH KOHTYpamu L,, L,,...,L, (puc. 13),

2) KOHTYpHI L, L,, L,,...,L, OTUHAKOBO OPUEHTUPOBAaHBI (HAIIPUMED, MPOTUB XO1a

4acCOBOM CTPEJIKH),
3) dynkuus f(z) sABnAeTCAd aHanumu4eckoi B 001aCTM D M HENPEPHIBHOH B

3aMKHYTO# 00aacTu D .
Toraa uHTErpai MO BHEMIHEMY KOHTYPY PaBEH CyMME MHTETPAJIOB 110 BHYTPEHHUM
KOHTYpaMm, T.€.

$r(2)dz=§ f(2)dz+ () dzt..+ § f(z)dz . (3.5)
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Jlokazamenvbcmeo.  JInsi  MPOCTOTBI  OTPAaHUYUMCSL  OOJIACTHIO,
OTrPaHUYEHHOM BHEUTHUM KOHTYPOM L U TOJBKO OJHUM BHYTPEHHUM
KoHTypoM L, . Chemnaem pazpes no auHuu AB (puc. 14). O6o3HauNM

yepe3 D' — obnactb D ¢ pa3pe3oM o JuHUM AB. Dta 001acTh

Oynetr omHOCBs3HOM c rTpanmiedt L. Ilo Tteopeme Kommm s

OJIHOCBSI3HOM 001acTH Sﬁ f(z)dz=0.3nech rpaHuna L' COCTOMT H3 L
7

JUHUM L, 00XOAMMOW MPOTHUB YacOBOW cTpeiku (0003HAYUM ee

Puc. 13

L"), muaun AB, nuHuM L, OOXOIMMOW II0 YacOBOW CTpEIKe

(o6o03Hauum ee L), u nuHuu BA. [loaTomy

ff(z)dzzsgf(z)dz—l— ff(z)dz+ §f(z)dz—{— ggf(z)dZ:O.

[Ipy u3MEHEHMH OpUEHTAUMU AYyTH HMHTErpajdbl MEHSIOT 3HaK.
[ToaTomy nmeem

$r()dz+ [ flz)dz~ § f(2)dz— f f(z)dz=0.

3HauwT, 9§ f(z)dz= 9§ f(z)dz , 4TO M TPeOOBAIOCH OKA3ATb. Pric. 14
Lt L
dz
n
() (z=2
JUHUHU, OPUCHTUPOBAHHOW MTPOTHUB YaCOBOM CTPEIIKH.
Pewenue. PaccMoTpuM 11Ba Ciryvasi.

1). Ecnu Touka z, pacrosiokeHa BHYTPU KOHTYpa (L), TO GyHKIUS —1 7)

(Z_Zo)n

HeaHaJIMTUYHA BHYTPU KOHTypa (L), T.K. 3HaMEHATelb 0OpallaeTcs B HOMb B (L)

Ilpumep 3.4. Bpraucauth uHTETpan I, = M0 MPOU3BOJILHOM 3aMKHYTOM

TOYKE z,, HO 9Ta (PYHKIHS SBISCTCS aHATUTHYECKON B MHOTOCBSI3HOW 00JIacTH Puc. 15
(puc. 15), orpaHuyeHHON KOHTYpOM (L) M OKpYXHOCTBbIO (7). IloaTomy mo
teopeme Komm 711 MHOrocBs3HOM o0nacTu HHTErpan /, Mo BHEIIHEMY KOHTYpY (L) pa-
BEH UHTErpally 110 BHYTPEHHEMY KOHTYpPY — OKPYXHOCTH () , KOTOPBIil ObLI BBIYHUCIIEH B
npumepe 3.1, T.e.

" - - 0, n=#l.

(9LS) (Z_Zo)n (7) (Z_Zo)n

2). Ecnu Touka z, pacnonoxeHa BHE KOHTypa (L), To GyHKuus

I - dz dz _{2711, n=1

% aHaJUTHYHA
(Z )

BHYTpH KOHTYpa (L), T.K. TaM 3HaAMEHaTellb He oOparuaeTcs B Holb. [loaToMy 1o Teopeme

Ko 11 o1HOCBA3HOM 001aCTH MHTETpal /, 10 KOHTYpPY (L) paBeH HyIIIO.

2 ] :1 _ L
OxoHuaTenbHo, 1, = (f) L:{ mi, n =14 z,-BHYTpH ( ),

(L) (Z_Zo)n

0, B OCTAJIBHBIX CIy4asx .
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Teopema (o nepsoodpasnoir). Ilycte GyHKUUS f(z) HENpepbIBHA B OAHOCBA3HOM 00-

Jacti D u f f(7)dT =0 mno moboMy 3aMKHyTOMy KOHTYpYy L u3 obnactu D. Toraa
L

1) uaTeTpan f f(7)dT He 3aBUCHT OT GOpPMBI KPUBOH z,z, 0003HAUAETCS I f(r)dr n

Z,
Zyz 0

ABIIIETCS AaHAIUTUYECKON yHKIMEH F(z) B obnacTu D,

/

2) F'( f f(r = f(z), T.e. F(z) ABnsAeTCs NepBOOOpa3HOiM I f(z).

JloKa3aTeabCTBO TEOPEMBI OITYCTUM.

N3 s1oii Teopemsl cienyroT ¢popmyna Hetotona-JleiOnuia

>

j‘f(r)dr :F(z)—F(ZO)

rae F(z) — mepooOpasHas uis f(z), U GOpMysa HHTETpUPOBAHHUS 110 YACTIM

}u(r)dv(r) :u(r)v(r) ZZO— .Z[ v(r)du(r).

29 2

BriBog 31X hopMy Takoil ke, Kak A PYHKIIMHU 1eUCTBUTEIBHOIO EPEMEHHOTO.

Ilpumep 3.5. Berauciuts [ = I z-e°dz IO IMHUU L , COeTMHSIIONIEH TOUKH z, =0, z, =i .
L

Pewenue. CDYHK]_II/ISI z-e° SBISAETCS aHaHHTquCKOﬁ, SHAYUT UHTCTPATI HC 3aBUCHUT OT
i

(I)OpMBI JIMHWHU, IMO3TOMY 3allMICM €ro B BUIC j z-e’ HpI/IMCHI/IM K HCMY MCTOJ
0

MHTETPUPOBAHUS 110 YACTAM, B3SIB u=z, dv=e’dz. Torna du=dz, v=e”,
. z i i z z z
- j e dz:(ze —e )
0
0

Tak xak e”' =cosx +isinz =-1, TO HHTETpAI [ =2 - 7] .

i i i
=xmi-e""—e" " +1.

Tl
I = jz-ezdzzz-e
0

3.3. UaTerpaabubie popmyasl Komu

Teopema. Ilycts dyHKIUS f(z) SBIAACTICS AHATUMUYECKOU B OOHOCEA3HON 00IIACTH

D. Torpaa B m000#1 BHyTpEHHEN TOUKE a 00JIacTH D UMEIOT MecTo opmysl Ko

1 z)dz n
f(a):27ti(~f fz(_)a, 70 27”43 /(2 n+1’ A= LD B, (3.6)

rjae L— MOJOXUTEIBRHO OPHUCHTHUPOBAHHAA KpI/IBaSI B 06J'IaCTI/I D, OXBAaTbIBaromiasa TO4YKy a .
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/(2)

Jokazamenvcmeo. 1). OyHKIMSA

HeaHaJIUTH4YHA B oOjacTu D (3HaMCHaTCJIB B

TOYKE a ATOM 00JaCTH paBEH HYJIIO), HO ATa (YHKIUS aHAJTUTUYHA B MHOTOCBSI3HOM
obnacTu D C yJaJeHHOM U3 Hee OKPECTHOCThIO TOUKU a (puc. 16).
[ToaTomy mo Teopeme Koiiu 1711 MHOTOCBSI3HOM 00J1aCTH MEEM

<.’Sf(z)dzzgs f(z)dz)

rIie y eCTh OKpY)KHOCTB |z—a|=r. IIpeoOpasyem unTETpaN

§7C) g 9s[f () te) g, VOS] g L) o,
; Z—a v z—a z—a
JIn BeruMcCIiieHUs MHTETpaa [, BOCHOJIB3yeMC$I pe3yabTaTom npumepa 3.4:
dz f dz .
(JSZ a—2m = I, —4) ( )C'fzzkrlf(a).

JU1s BBIYMCIIEHNS MHTErpaia /; BOCIIONB3yeMCsl HEMPEPBIBHOCTBIO (DYHKIMU /' (z) B TOUKE a :

lim f(z)=f(a) = @i Ve>0 35>0: | f(z)-f(a)|<e, Kak TONBKO |z-a|<s.
zZ—>a

Torna Ha OKPY>KHOCTH ¥ C PAUyCOM r< S TOIYUUM:

M = |h]= 95 [f ]d <Eorr=27c mAVe>0 = I, =0.
|z—al ,
Hraxk,
Z z)dz
=0, I;=2mi f(a 95 f _Il”zzsz(a) = f(a):;”cﬁ fz(—)a
L

2). Bropyto u3 dhopmyin (3.6) MOKHO J0Ka3aTh Hpoz[I/I(b(bepeHuI/IpOBaB n pa3 1o mna-

dz
PaMETPy a TOJIBKO YTO IMOJIYYCHHOC PABCHCTBO f 2 CJ; f
i

o 15 :2;,.95(;’52]52:2;@”< T

L (Z_

f”(a)27ltigf[(zf_ ) ] :27114‘> f

3ameuanusn

1). 13 TeopeMbl ciegyeT, 4yTO aHaIUTHYeCKas (QYHKIMSA f(z) HMMEET MPOU3BOIHBIE

1r000ro NOpsIKa B IPOU3BOJIBHOM BHYTPEHHEN TOUKE a 00nacT D .

Ormernm, uto 13 AU HEpPEeHITMPYEMOCTH JEUCTBUTEILHON (DYHKIMU HE CIICIYET CYIeCTBO-

BaHUE JaKe BTOPOi HPOU3BOIHOM ; HanpuMep, PYHKIMs y = x> MMeeT IepByIo POU3BOJI-
3 31 _
HYI0 )’ = Ex” 2 | HO BTOpas IPOM3BO/HAS )" = > 5% 12’ ge cymecTByeT B Touke x =0.
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2). Unrerpansubie popmMyiibl Komn MOXHO nepenucarh B BUIE

95%:2”1”(‘1)’ 95f ‘fﬁi ZLf)(a) (3.7)

Y MCIOJI30BaTh JIsl BBIYMCICHUSI COOTBETCTBYIOIINX UHTErPAJIOB MPU YCIOBUH, YTO
TOYKa ¢ HAXOAUTCA BHYTPH KOHTypa L. EciiM TOYKa a HaxoIWTCs BHE KOHTypa L,
TO MOJBIHTErpanbHass (YHKUHUS ABISECTCS aHAJUTUYHOM, mo3ToMy 1o Teopeme Korm

9T UHTCTPAJIbI PaBHBI HYJIXO.

eZz eZz

Ilpumep 3.6. Beruncauth UHTETPAIbl [ = 95 ———dz, = ——dz.
|z]=2 (z-1) |z[=1/2 (z-1)

Pewenue. B mieppoM WHTETrpajie TOYKAa z=1 HAXOAUTCS BHYTPH KOHTYpa

MHTErpupoBanus |z|=2 (puc. 17), mostomy no Bropoi u3 dopmyn (3.7) mpu  (z)

n =3 UMEEM
2z

8mi o

I = CJS e . doe 2ri (622)”’

|22 (2=1) 3
Bo BTOpOM MHTErpaje TOUKa z=1 HaXOAUTCS BHE KOHTypa MHTEIPUPOBAHMS
|z|=1/2; BHYTpH 9STOr0 KOHTYpa NOJIEHTCrpalbHAs (YHKIHS SBILCTCS

z=1 3

N

AHAJIMTUYHOM, TO3TOMY 110 TeopeMe Ko unrerpan /, paBeH HyIIIO.

sinz

dz.

98 22 +1 (Z) ;
- ®

1
Pewenue. Bayrpu xoHtypa y (puc. 18) 3HaMeHarenb (QYHKIIUH

Ilpumep 3.7. Berauciauts uaTerpan I =

=—¢e”. o)1

Puc.17

| W

v

0
oOparaercss B HyJlb B TOYKaxX z =i, z, =—i. [IOCTPOUM OKPY>KHOCTH %)

Y1» Vo, € OCHTPAMHU B 3TUX TOYKAX JOCTATOYHO MAJIBIX PAINyCOB, TAKHX,

YTOOBI OKPYKHOCTH HC TIICPCCCKAJIMCh W NCIMKOM JIC)KAJIW BHYTPH

Puc. 18
KOHTypa y. B MHOrocsssHou o0JracTu, OI'PaHUYEHHON BHEIIHUM
KOHTYPOM y W BHYTPEHHUMMU KOHTYpPamH y,, ¥, , HOABIHTETPaIbHAs (I)yHKL[I/Iﬂ SABJISIETCS

aHAJTMTUYECKOW (T. K. HYJIM 3HAMEHaTeNlsi He BXOAAT B 3Ty 00JacTh); MO3TOMY
npuMeHuMa teopema Korm 111 MHOrocBsI3HOM obnacTu:

¢ SlIlZ @ Sll’lZ Cﬁ San

Z+1 z+1 Z+1

PazjnoxuM z* +1=z> —i* Ha MHOKHTEIH (z—i )(z+i ), 3aTeM B MHTErpaJie M0 KPUBOH ¥,
OKpYKalolIeH TOYKy i, B 3HAMEHATENE OCTABUM z—i, @ B MHTETPAlle 10 KPUBOH 7,,

OKPYXAarOIIeH TOYKy —i, B 3HAMEHATENle OCTaBUM z+i W TPUMEHUM JUIA Ka)IOrO
uHTerpaia neppyto u3 popmyn Komwm (3.7):

[ sinz
21| —
=i zZ—1
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= msini —7rsin(—i) =27 shl.

zZ+1i z+1 =i

= gS(Z:]d +§f>( jazz 2 (%]
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Teopema Mopepa (o6pamnaa k meopeme Kowu). Ilycts
1) dynkuusa f(z) HempepslBHAa B OJHOCBA3HOMU 00aacTH D,

2) fﬁ f (T)dT =0 10 JI0O0OMY 3aMKHYTOMY KOHTYpY L U3 00iacT D.
L

Torna ¢pyHkuus f(z) ABnsAeTCS aHANUTHYECKOH (yHKUMEH B obmacTu D.

Hokazamenvbcmeo. VI3 Teopembl 0 1epBoOOpaszHOW  cienyer, 4YTo  (YHKIUS

z
F(z)= I f(r)dr sABIseTCA aHATUTHYECKOH U F'(z) = f(z). Ho aHanuTuueckas GpyHKuus
20

MMeeT NPOU3BOAHBIE JIFOOOro MOpsAAKa, B YaCTHOCTH, 3 F”(z) = f'(z). Otcrona cienyer,

4T0 3 f'(z), CI€OBATENbHO, QYHKIHUS f (z) ABIACTCS aHATUTUYECKOH (QyHKIUEH.
4. Pa1bI B KOMILIEKCHOUW 00J1aCTH

4.1. YucnoBbie paabl

HarmoMHMM OCHOBHBIE CBEJIEHUSI O YMCIIOBBIX KOMIUIEKCHBIX psiiaX, KOTOPbIE ObI-
JI1 PACCMOTPEHBI paHee B TEOPUU PSIOB.

o0
PSII[ N3 KOMIIJICKCHBIX YHCECJI ZZ” Ha3bIBAIOT CXOAAIINMMCHA, C€CIIN ITOCICA0OBATCIIb-

n=l

n
HOCTb €0 YacCTUYHBIX CyMM S, = z, HMMeeT KOHEUHbIi mpexen S. DToT mpenen
k=1

Ha3bIBalOT CYMMOU psAa.

Heobx00umbtii u 0ocmamoynwlii RPUHAK CXO0OUMOCHU PAOA:

o0

pan Yz, =Y (x,+iy,) CXOMMTCA < pSABL D x,, Yy, CXOUATCH.
n=1

n=1 n=1 n=1

(_1)n+1

IIpumep 4.1. Viccnenosats psn Y

n=1

I .
+ 2_n Ha CXOOAUMOCTb U HAUTH €TI0 CYMMY.

0 n+l
Pewenue. PHI[ Z:L ABJBICTCA 3HAKOUCPCAYIOMMMCA U CXOOUTCA 110 IIPU3HAKY

n=1 n

JleliOHMIIA, TaK KaK €ro WieHbl 10 aOCOIIOTHOM BEJTMUMHE YOBIBAIOT U CTPEMSITCS K HY-
mo. JIyis BEIMUCIEHHs €ro CyMMBbI 3anuieM psj Teitnopa aina yHkiuu In(1+x):

2 3
X

1n(1+x):x—x7+?—..., xe(-L1].

1 i (_1)n+1 |

B vactHOCTH, IpH x =1 NMOAY4YUM In2 :1—%+§—... =
n

n=1

o0
1 . . 1
Psn Z 2—n SBIEICTCA TCOMETPUICCKOU IIPOIpeCCUCH C TICPBbIM WICHOM bl = 5 , SHAMCHATCIICM

n=l
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~L 4 ogmmon -1 =12
4= WO T T T

0 1 n+l .
=1. OKOHYATENBHO, PAN Y Q+L CXOJIUTCS U
n 2"

n=l

erocymma S=In2+i.

Heobx00umbtii npuznak cxooumocmu paoa:

€CJIM ST z z, CXOIMTCS, TO lim z, =0.

n—>0
n=1

0 3
IIpumep 4.2. Vccnenosats paj )| (%H‘ ﬂ} Ha CXOJIUMOCTb.

0 3 3
Pewenue. Psan Z % pacxoauTcs, Tak Kak lim z, = lim 13()}1—+57—%¢0 CrnenoBa-
n- — n—oo n—»o no —

TCJIBHO, BaIIaHHBIﬁ pAaa paCxoauTCs.

o0 o0
Hocmamounviii npusHak cxooumocmu paoa: €cnu pajg » | z,| CXOAUTCA, TO piAa Yz,

n=1 n=1

CXOOUTCA U HAa3bIBACTCA a0COJIIOTHO CXOaAIUMCH PAIO0M.

(1+i)"

IIpumep 4.3. Uccnenosats pin ), AT Ha CXOJIUMOCTb.
n=I1

Pewenue. PaccMoTpum psit U3 MOLyJEN
$ (1+z Z |1+z| 5 (v2)' $
n=1 2" 2’1/2 n=1 (\/E)n o nml n

[Tocneanuit psig CXOOUTCSA, IIOATOMY UCXOHBIN PSJl CXOIUTCS aOCOIOTHO.

4.2. (I)yHKHI/IOHaJIbHBIe PAABI

Paccmotpum psn z , COCTaBJICHHBIN U3 QYHKIMH u,(z), ONpPEENEeHHBIX Ha

n=l

MHOKECTBE D, M €T0 n— 0 YaCTUUHYIO CyMMY S, (z)=u;(z)+u,(z)+...+u,(z).

Onpeoenenue 1. Pan > u,(z) cxooumea x Gynkimu S(z) B Touke z obnacTd D, ecu

n=l

JU1s1 TFOOOTO & >0 Haiercs Homep N (&,z) TaKoi, uto |S, (z)-S(z)|<e w1 V> N.

Onpeoenenue 2. Psin Zu ) €xo0umcs pasnomepro k pyHkuuu S(z) B obaactu D,

n=l

ecau Ui Jo00ro ¢ >0 Haljercs Homep N(&) TakoM, 4To

Sn(z)—S(z)‘<g IS
JIF000T0 1> N M 100010 z€ D.

OTtanume 3TUX OHpCI[CJ'IeHI/If/'I COCTOHUT B TOM, YTO B OIIPCIACIICHUN 2 HaﬁﬂeTCH OAUH

HoMep N (&), 0OCIyKMBarOIUil Bce TOUKU z o0nacTu D, a B onpeaenaeHUn 1 Homep
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N(&,z) 11 KaXKA0H TOUKU z CBOM.

Hanomuaum OIHWH U3 IIPU3HAKOB paBHOMepHOﬁ CXOOHUMOCTH.

Ilpuznak Beitepuimpacca pagnomepnoii cxooumocmu: eCiiv ‘ u, (z) ‘ <a, U OO0 TOUKH

z o0nactu D W psf z a, CXOIUTCS, TO Psif Zu ) CXOIUTCS PABHOMEPHO B 001acTi D .

n=1 n=1

Ceoiicmea pagHOMEPHO CXO0AUWUXCA PAOOE

1). O nenpepwvienocmu cymmeul paoa

[Tyctb GyHKUUM u,(z) HENPEPHIBHBI B OONACTH D U Pt ) u, (z) CXOMMUTCSA PABHOMEPHO

n=1

K pynkumn S(z) Bobmactu D . Torna cymma psina S(z) HempepblBHA B 001acTH D .

2). O nounennom unmezpuposanuu paoa

ITycts QyHKIMY u,, (z) HEMpPEPBIBHBI HA KYCOYHO-TVIAAKON KPHBOH y U psift z ) cxomuTcs

n=1

paBHOMEPHO K QyHKIMU S (z) Ha KprBOH y . Torna ps MOKHO IIOWIEHHO UHTETPUPOBATH, T.C.

£ S(z)dz:£ [gun(z)JdZ:i [y (2)dz |.

n=l1 7

3). O nounennom ougpghepenyuposanuu psaoa

IycTs GyHKIWMH u, (z) aHATMTUYHBI B OAHOCBA3HOM 3aMKHYTOM 00nmacTd D M psax D u, (z)

n=l

CXOIUTCsl paBHOMEPHO K (pyHKIMu S(z) B obmactu D . Torma cymma psiga S(z) aHaIUTHYHA
B 00J1aCTH D ¥ Psifi MOXKHO MOWwIeHHO uddepeHimpoBats Jr000€ YHCIIo pas, T.e.

o (zu J(k) 3000

HCpBOC Hn BTOpPOC CBOMCTBa TaKue JKC, KaK B TCOpUH PALOB C HCﬁCTBHTCHBHBIMH
YJICHAMM. HOC-)TOMy HUX JOKa3aTCJIbCTBA MbI OITYCKACM. I[OKa}KeM TPCTHC CBOﬁCTBO,
KOTOPOC OTIIMYACTCA OT AHAJIOTHYHOT'O CBOMCTBA AJEt paaa € I[GﬁCTBHTCJIBHBIMI/I YJIICHAMMU.

o0
OyHKIMY u, (z) aHATUTHYHEL, @ 3HAUMT HENPEPHIBHBI B 001aCTH D U P Y u,(z)
n=1

CXOIUTCsl paBHOMEpHO K (yHkuuu S(z) B obmactu D. Iostomy cymma psma S(z)

HETIpephIBHA B 00JacTH D U Psii MOKHO TIOWICHHO HHTETPHPOBATH TIO JIFOOOH 3aMKHYTOM
KpUBO# y u3 obnactu D, T.e.
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(JSS(Z)dZ:CI) (z un(z)]dZ:Z gSu,,(z)dz .
y y \n=l n=l\ y
Tak kak QyHKIMH u (z) AQHAIMTUYHBI B oOyiacti D, 1o 1o Teopeme Kormm mist

OJTHOCBSI3HOM 00J1acT! 95 z)dz=0. Torma gSS )dz =0 10 M000H 3aMKHYTOI KPHUBOH y
Y y
m3 061acti D, ¥ 1o Teopeme Mopepa GpyHK1us S(z) aHaIUTHYHA B 0071aCTH D .

Jns o0ocHOBaHMS TOWIEHHOTO JudepeHIIMPOBAHUS Psiia PACCMOTPUM MPOU3BOJIBHYIO
TOUKY z, U3 001IaCTH D U OKPYXXHOCTb y C YPaBHEHHEM |z —z)|= R 3 obmactu D . Tak kak

pan Y u,(z) cxomurcs paBHOMepHO K (yHKImHM S(z) Ha y U QyHKIHSA !

o (Z —z, ) k+1
&, (2) 5(2)
OI'paHUYCHA HA ¥ , TO P z (—k+1 CXOOUTCsI pPABHOMCPHO K (bYHKL[I/II/I (—k+1 Ha y
n=1 \Z =2 z—2z

X €ro MOXXHO ITOYWICHHO I/IHTGI"pI/IpOBaTB T.C.

S(z
CJS )k+1 z 45 )k+1

¥ (Z Zg n=1 ¥ Z Zy
W3 sToro paBeHCTBA, MCTIONB3YS UHTErpaibHbie hopmystbl Korm (3.7), momyyuum
2wi (k — 27l (k k)
- LW (zy) = 27%( N(zy) = SW( Zu (z)

n=l

PaccMOTpyM BayKHBINM YaCTHBIN Clly4yan (l)yHKLU/IOHaJILHoro psila — CTEIIEHHOU psif.

Cmenennwie paowl
CrenenHou paa B KOMIIJIEKCHOM 00JIaCTH €CTh pAd BHOA

o0

> a,(z-2) =ag+ay(z—z)+ay(z=2) +..
n=0

rae a, (n=0,12,3,..), z, zy— KOMIUICKCHBIE YHCIIA.

CreneHHOM paa B KOMIUICKCHOM 00J1acTH 06J1az[aeT CICAYIOIMKUMHAU CBOMCTBaMHM.

0

1). OO6nacTpi0 CXOAMMOCTH CTEINCHHOTO psja z (z—zy)" sABISIETCSL KpYT

|Z—ZO|<R .
9TOT prT MOKECT BBIpOI[I/ITBCH B OI[Hy TOqu Zy HNJIN BO BCHO KOMHHCKCHyIO

INIOCKOCTb (R =).

2). Bxpyre |z—zy|<p (p<R) cTeneHHOH pan Y a,(z—zy)" CXOAUTCA pABHOMEPHO.

n=0
3). CyMMa CTENEHHOTO psga BHYTPH Kpyra CXOAMMOCTH SIBIISICTCS (YHKIHEH
AHATUTAYECKOM.
4). CreneHHOW psiA  BHYTpM  Kpyra CXOAMMOCTH  MOXHO  TOYJICHHO
mudepeHIpoBaTh 000 YUCIIO Pa3 ¥ MOYJIEHHO HHTErPUPOBATh.

I[OK&SBIB&IOTCSI 9THU CBOMCTBA TaK KC, KaK B I[CﬁCTBHTCHBHOfI 00JacTH.
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4.3. PaznoxkeHue aHAJIMTHYCCKOM (PYHKIMHU B CTEIIEHHOMN PSAJ

PaCCMOTpI/IM CHa4daJila HCCKOJIbKO ITPpUMCPOB.

). Oynxmmio f(z)= 12

1-z

MOKHO TPaKTOBaTh KaK CyMMY OECKOHEYHO YObIBaroei

TeOMETPHYECKOM MPOrPecCHn lli‘q =b+bg+bg’+..., 10 by =1, g=z*. Ecm | ¢|<1, TO
1

s=1+22+20 4+ 2%+, | z] <.
1-z

1

3 SIBJISICTCSl AQHAJIMTHUYECKOM U MBI €€
—Zz

3ameruM, 4TO B Kpyre |z|<1 dQyHKmus

PA3JI0KUIIA B PAA 11O HCOTPULATCIIBHBIM CTCIICHAM Z, Ha3bIBACMbLIN €€ pAaoM Teﬁﬂopa.

2). Pasmenum mpeapiaylnee paBeHCTBO Ha z° . [ToayduM pasioKeHue

1 I T

Z3 (1_22) Z3 z
KOTOpOE, KaK M MEPBOE Pa3I0KeHHe, CIPABEINBO B KPyre |z|<1, HO C BBIKOJIOTOM
1

23(1—22) ’

AQHAJIUTHYECKAA B KOJIbIE 0 < | z | <1, Pas3IOKCHA B 3TOM KOJIBIIC B PAL, coz[epmamm}’l )51

TOYKOW z =0 WIH, JPYTUMU CJIOBaAMHU, B KOJbLE 0 < | z | <1. Urak, pynkius

IMOJIOKUTCIIBHBIC, W OTPUILATCIIBHBIC CTCIICHU z, T.C. B TdK Ha3bIBACMBbIH paa HopaHa.

2 3 4
z _ z z z 4
3). Ilo ompeaenenuro, e =1+ G+ 5+ 5+t A moboro z, T. €. QyHKIuS,
aHAIMTHYECKAs B KPYTe |z|< o OECKOHEYHOTO pajuyca, pa3lokKeHa B 9TOM Kpyre B

pan Teitnopa. 3ameHss B OCIEAHEM PA3JIOKEHUU z Ha %, MOJIYYUM

| 1 | |

1
e =1+ + + + +...
z-10° 22010 231 4

OTO0 pa3noKeHHEe M0 OTPUIATENbHBIM CTENEHs M z (T.€. B psj JlopaHa) umeeT MecTo
JUIs TF000TO z, OTIMYHOTO OT HyJIA, T.€. B KOJbIE 0<|z|<o0.

B sTux npumepax (yHKIMHM, aHATUTHYECKUE B KpYyre, pas3iokKEeHbl B Psbl,
KOTOpbIE HE COJEPKAT OTPUIIATENIbHBIX CTENEHEN z, T.€. B panbl Teinopa; QyHKiuy,
AHAJIUTUYECKUE B KOJIBLIE, PA3JI0KEHBI B JTOM KOJIBLIE B PAIbI, COJAEpIKAIINE
OTpHULIATENIbHBIE CTENEHH Zz, T.€. B psAabl JIopaHa.

OTMeueHHast 3aKOHOMEPHOCTh UMEET MECTO HE TOJIBKO B KOHKPETHBIX ITPUMEpPAX,
HO U B 0011eM citydae. TouHee, UMEIOT MECTO CJIEIYIOUIUE TEOPEMBI.

Teopema 4.1. Dyuxuns f(z), ananumuueckan 6 Kpyze |z—z,|< R, paznaraercs

B 9TOM Kpyre 6 pao Teiinopa 1o creneHsM (z —z,)

. (),
f(z): z cn(z—zo)n, rae c, :f—(o).
n=0

n!
B 3amkHYyTOM Kpyre |z-z,|<p (p<R) psan Teiinopa cXxoauTcs paBHOMEPHO H €TO

MOJXHO ITOYJICHHO MHTCIPUPOBATHL U ,Z[I/I(I)(I)epeHI_II/IpOBaTB.

Joxazamenbcmeo. BozpMeM TPOM3BONBHYIO TOUKY z U3 KPYra |z—z,|<R M OKpYX-
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HOCTb 7, Pajidyca p C IEHTPOM B TOUKE z,, COAEPIKAIILYIO TOUKY z (puc. 19).
Bocnonszyemcs nunrerpanbHoit hopmynoit Komu (3.6)

1L e f(n)
= dn . 4.1
f@)=5=9¢ o (4.1)
Yp
[Ipeo6pazyem npodb 1 , BBIICTIMB B €€ 3HaMeHaTeNe (z —z,):
n—z

1 1
n-z (1-2)-(z-z)
B 3HameHatene u3 ABYX BEIMYMH (1-z,), (z—z,) BBIHECEM 3a CKOOKY

HauOO0JIBILIYIO 110 MOAYIIIO, T.€. (n—2z,) (puc. 19)
1 1 1 1

n-z (n-z)-(z-2) (1-2) 1_(2_20)'

Oty nApoObh MOXHO paccMaTpuBaTh KaK CyMMY OECKOHEYHO YOBIBAIOIICH

~ _ 1 _Z—Zy zZ—Zy
IFCOMCTPUYICCKON TIPOTPECCUHr, TIIC bl = -2 , 4= , [pUYICM | q | = P <1.

VuuThIBas, 4TO lli—‘q =b +b,q+b,g*+... , IOIyIUM

2 o0
1 1 N 1 .Z—ZO+ 1 ‘(z—zoj +...=Z (Z—ZO)n

n-z n-zy n-z2 M-z N—7 \N-% )

[ToncTtaBuM B paBeHCTBO (4.1) MOJy4eHHOE BBIPAKECHHUE IS

B BHUJE pANa U,
n—z
BHECS f (1) MOJ 3HAK CyMMBI, IOWIEHHO IIPOUHTErPUPYEM DSl

FEO= gy ET g LSy T IUED Y S

1 - .
2ri v = (77—20)’% 2mi ’, (77_20)
(n)

Tae ¢, =— f(2) -dz WIH, C y4eTOM dbopmyn Ko (3.7), ¢, = f (Zo) '

2mi (z-z )”+ n!

v 0
o0 (Z—Z )I’l

O6ocHyeM BO3MOKHOCTH MOYWICHHOTO MHTETPUPOBAHUS Psijia z f(n) 0 Ha

n=0 (77_20)114_1

OKPYKHOCTH ¥ ,. JIeHCTBUTENBHO, |n—z)|=p Ha y,, a GyHKUUA f(n) ABIAETCS aHa-

HHTHHCCKOﬁ, a 3Ha4uT H HCHpepBIBHOP'I, u OFpaHquHHOﬁ nmo ™MoAyir, T.C.

n n - n
‘f(n)‘SM. [Moatomy |f (1) (=) ‘£M|Z_ZO| . Pan Z@ HE 3aBHCHT OT 7

(n_ZO)nH n+l = p +1

n CXOOUTCA, KaK TCOMCTPHYUCCKAA IPOrpeCCrsl CO 3HAMCHATCIICM ¢g = , 0<g<l1.
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(z=20)"

Toatomy psn Y. f (1) yl

n=0 (77 — 2
110 n Ha }/p " €T0 MOJXHO IMOYJICHHO MHTCTPHUPOBATH 110 17 HA }/p .

10 Ipu3HaKy Beliepuirpacca cXOAUTCS paBHOMEPHO

o0
[V n
Kpome Toro, B 3aMKHYTOM Kpyre |z—zy|<p (p<R) pan Teiinopa > ¢,(z-z)",
n=0
KaK CTEMEHHOM psi, cXomauTcsi paBHOMepHO. CriemoBatenbHO, psii Teidopa MOXKHO
HNOWICHHO MHTErpUpoBatTh U AuddepenipoBats. Teopema qoka3aHa.

Cneocmeue. Pamuyc cxonumoctu psifa Teitnopa dyHkimy f(z) 1o creneHsaM (z-—z)

PaBEH PaCCTOSHUIO OT TOUKU z, A0 Onvkaiiiei oco0oi Touku GyHKmn f(z).

JIelCTBUTENBHO, €Cl R €CTh PacCTOSHUE OT TOYKU z, 10 Onvpkaiiiieil ocoOoi TOYKn

¢ynkmmn f(z), T0 B Kpyre |z—z,|< R HET 0coObIX Touek GyHKIMHN f(z), T.e. QyHKIWSA
SIBIISICTCSI aHATUTHUYECKON B 3TOM Kpyre U 1o Teopeme 4.1 pazmaraercsi B 3TOM Kpyre B psifl
Teitmopa.

Ipumep 4.4. Paznoxuts GyHKIMIO f(2)= + B PsIJI 10 CTEMEHSM (z —4).
(z - 1) (Z — 6)
Pewenue. 1). @ynxius f(z) UMeeT JBe 0coOble TOUKU z=1, z=6. OT TOUKU z,=4 10
Ompkaiiieif ocoboit Touku z =6 paccrosHue R =2. Iloatomy ¢yHkumsa f(z) pasnaraercs
B psi Teitnopa o crenensM (z —4) B kpyre |z—4|<2 (puc. 20).
2). Pa3noxum GyHKimio f(z) Ha npocteiiime apodu
[ = e T
(z—l) (2—6) (Z—l) z—=1 z-6
[Tocne mprBeeHMs K 00IIIEMY 3HAMEHATEITIO TTOTYIUM Puc. 20
z=1| 1=-54 A=-1/5
z=A(z=6)+B (z—1)(z-6)+C(z-1)" = z=6 | 6=25C = C=6/25
npuz>|0=B+C B=-6/25.
1 1
z=6 (z-4)-2°
B 3HameHatene U3 AByX BEIUUYHMH (z—4), (—2) BbIHECEM 3a CKOOKY OOJIBIIYIO IO MO-
JLyIII0 B Kpyre |z—4|<2, T.e. (-2) (puc. 20)
1 1 1 1

-6 (z-4)-2 -2 . (z-4)°

3). IIpeoOpazyem Jipodb % , BBIJIETIUB B €€ 3HAMEHATelNe (z —4):
Z —

Torna sty npo6b MOXHO paccMaTpuBaTh Kak CyMM

o _ -4
IeOMETPHYECKON MPOrpecchy, e by ==, ¢=25% npuuem |q| :Jz—l< 1. YuutsiBas,

_2 2 2
1 z-4 (z-4 X

L —b +bg+b,g*+... , IOTy4UM =——— ( ) z 2n+1
n=0

41O _
l-gq z—6 2 92 23
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1 1
Z—l_(Z—4)+3-

B 3nameHatene u3 OByX BEIMYMH (z—4), 3 BbIHECEM 3a CKOOKY OOJIBLIYIO IO MOJIY-

4). I[Ipeobpazyem Jipodb % , BBIJIETIUB B €€ 3HAMEHATElNE (z —4):
Z —

IO BKpyre |z—4|<2, T.e. 3

reOMETPUYECKOM IT =1l g=-z=4 _z—4] v
porpeccu, rae by =z, q=-Z3%, npudeM lq|= 57— <1. Vunteisas,

4To

llilq =b +b,q+b,g*+... , IOINyIUM

5). IlpomuddepeHippyem morydeHHOE PaBEHCTBO:

g <z;:>”}'i<_w<g;_fy“.

z-1 n=0 n=1

3aMeHMB 1 —1 Ha k , HOIy4YUM

! o i n(z—4)" & k+1)(z—4)k
= -1 —

6). IloncTaBuM NoTy4eHHBIE PAABI B f(z):

-1/5  —6/25 6/25 -1 y (n+1)(z—4
= 5 .
e 25[ 3 A6 (v 2]

OKoHYaTeNBbHO, 0OBSAMHUB TPY PsiJia B OIUH, TIOyYHM pasiokeHue GyHkimn f(z) B pan
TIO CTENEHAM (z—4) BKpyTe |z —-4|<2:
5(n+1) 6 6

f(z):;—5 > e, (z-4)",tme c, :((—1)" 2 +(=1)" o + 2n+1}'

[epeiinem k pa3noxeHuto B pa GYHKIMI, aHATUTUYECKHUX B KOJIBLIE.

Teopema 4.2. Dynximsa f(z), anarumuueckaa 6 Konvue r<|z-—z|<R,
pasznaraeTcs B 9TOM KOJblie ¢ pao Jlopana 110 cTenieHaM (z —z,)
+ oo 1 f z
f(Z): z cn(Z—Zo)n,rI[e Cn:2 ¢ ( )I’l+1dZ’ (42)
n=—o i y (Z_ZO)
Y —KOHTYP H3 KOJIbIIA, OXBaTBIBaIOIlII/Iﬁ TOYKY z,.

B 3aMKHYTOM Komblle 7 <|z—zy|<R, (r< <R < R) psn Jlopana cxogutcs pas-

HOMCPHO H €TO0 MOKHO IMOYJICHHO MHTCTPUPOBATH U I[H(i)(i)CpGHI.[HpOBaTB.

I[OKaSaTCJ'IBCTBO OIIYCTHUM, OHO aHAJIOTUYHO JOKA3aTCJIIbCTBY Hpe):[LIz[ymeﬁ TCOPCMBI.
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B Teopemax 4.1 u 4.2 yncio R He o0sA3aTeNbHO KOHEUHOE. Ecin R=o U z,=0,
TO KpyT |z|< © €CTh BCS KOMIUIEKCHAs IUIOCKOCTh, a KOJBIIO r<|z|< © €CTb

OKPECTHOCTh OECKOHEYHOCTH (CM. puc. 22).
®opmyisl (4.2) aiiga koapdunnuenToB psaga Jlopana Ha HMpakTHUKE MPUMEHSIOTCS
pPEAKo, TaK Kak TPeOYIOT TPOMO3JKUX BbIYKMCIeHUH. OOBIYHO HUCIIONB3YIOT U3BECTHBIC

Pa3NOKEHUS B PAJl AJIEMEHTAPHBIX (DYHKIIHIA.
|

a) B OKPECTHOCTH TOUKH z, =0;

Ipumep 4.5. @ynxuuio f(z) pas3IoXKUTh B PSA:

" ae

0) B OKPECTHOCTH OECKOHEUHOCTH;

B) B OKPECTHOCTH TOUKH z,=2.

Pewenue. AHATUTUYHOCTH (PYHKIIUH HAPYIIAETCS B TOUKAX z=0 U z=2. Prc. 21

a). BolaenrM OKpecTHOCTh TOUKH z, = 0, B KOTOPOM (DYHKLUS SIBIISICTCS aHATUTUYECKOM.
D10 Kkomplo 0<|z|[<2 (puc. 21). Ilo Teopeme 4.2 B 3TOM KOmblie GyHKIMsA

f(z)= l —— Pasnaraercs B psz Jlopana no crenensM z. JlJist pazinoxkeHus: 1poou L

z -2
10 CTCIICHSIM z B 3HAMCHATCIIC 3TOPI IIpO6I/I n3 IIBYX claraeMbIX z W —2 BBIHECEM
1 1

OoJblliee IO MOIYJIIO B KOJIbBIIC 0<|z|<2, T.c. -2: P :—2-%. Oty Apobh
-2 2 _z
2

MO’KHO PAacCMaTpUBATh KaK CYMMYy TE€OMETPUYECKON NpOrpeccuu b, +b,g+bg”+...

npu by=1,9=3, (|q|:%l<lJ. Takum 06pa3oM, B Konblie 0<|z|<2 HMeeM
o0 o0

11 | - 1( (z) (2)2 J_ z" 1 _ Pl
=— ——=—=|1+|5])+|5] +... |=— = ———=- .
z=2 =2 1_% 2 2 2 Ez”” Z(z—2) 02”+1

3neck psaa JlopaHa COAEPIKUT TOIBKO OJHY OTPUIATENBHYIO CTENEHb z ' /2.

0). BbLmenuM OKPEeCTHOCTh OECKOHEYHOCTH, B KOTOPOW (YHKIHUS SIBISCTCS
aHAIMTHYECKOH. DTO KOMBIO 2<|z|< o (puc. 22). Ilo Teopeme 4.2 B 3TOM KOJIbIIE

GyHxuus f(z) pasznaraercs B paj Jlopana no crenensm z. Ilpumenum A

K Jpoou # TOT K€ MPUEM, YTO U B TNPEABIAYIIEM CIIydyae: B

SHAMCHATCIIC U3 ABYX CJIAraCMbIX z U —2 BBIHECEM OOJIbIIIEE IO MOIYJIO

0
B KOJIBLIE 2<|Z|<OO,T.6.BJ:[aHHOMCJIyHae—C)TO z: /
11 1 2,22 | - 2" /
— 2
V4

1 —
z E ? Z n+1 (2_2) - Z ZI1+2 ’ Puc. 22

2

3nech psan Jlopana coaepXUT 0€CKOHEYHO MHOTO OTPULIATENbHBIX CTENEHEN z .
B). BblnenuM OKpecTHOCTb TOUKU z, =2, B KOTOpPOH GyHKuMA f(z)

aHAIMTHYHA — 3TO KOJbIO 0<|z-2/<2 (puc. 23). ITo Teopeme 5.2 B

3TOM Kojblle QyHKIHMS f(z) pasnaraercs B psp JlopaHa mo cremneHsIM

z—2. MHOXuUTeNDL % ABJISETCS CTENEHbI0 z — 2. [IoaToMy pasznoxum

33



B psAA TOJIBKO MHOKUTCIIb l BBII[CJ'II/IM B 3HAMCHATCIIC (Z - 2) N 13 IBYX CJIara€MbIX
z

(z - 2) 1 2 BBIHECEM HaMOOJIbIIIEE IO MOIYJIIO B KOJIBIIE 0 <| zZ— 2| <2,T€.2

Ilpumep 4.6. Oynxuuio f(z)=cos

ZZ T Pa3IOKHUTb B Pl B OKPECTHOCTH TOUKH 2, =1.
Pewenue. dynkuusa f(z) uMeeT ofHY 0COOyI0 TOUKY z=1; CIEIOBaTENbHO, f(z)
aHaNIMTHYa B KONbIle 0<|z—1|<oo M pasmaraercs B 3ToM Kojblie B psaj Jlopana mo cte-

neHsaM (z-1). [l momydeHus 3TOro pasnoKeHus ceslaeM npeo0pa3oBaHust

z (z—l)+1
Z-1 T

= cos(l+¢) =cosl cosL—sinl sinL

cos z—1 z—1 z—1

U sin

1 BOCIIOJIB3YCMCH pAdaMU IJISA Cos 1 1
z— z—

cos lecosl i (_1)1:- 1 5-—sinl i (_1)” - 12 -
z— = (2n)! (z-1)*" n:0(2n+1). (z-1)%"

5. Teopusi BbI4€TOB

5.1. Hyan ¢pynkuumn

Touka z=a sBIsgeTcs HyneM GyHKUMU f(z) Hopsaika k, ecnu QyHKUUIO f(z)
MO>KHO TPEACTABUTDH B BUJIE

f(z)=(z=a)* p(z2), @(a)=0. (5.1)

Hanpumep, bynkuus f (z):(z—i)3(z+4) UMEEeT J1Ba HYJSI: z=i HYyJIb TPETHETO
NOpSZIKA ¥ z =—4 HyJb IEPBOTO MOPAIKA (TAKOH HYJIb Ha3bIBAIOT IPOCTHIM HYJIEM).

Dynkiua f(z)=1+¢” obpamaercs B Hyldb Opu z=In(-1)=Inl+zi=xi YroObl
OIpENeNIUTh NOPAJOK ITOrO Hyls, 3anuieM psja Teinopa gyHkuuu f(z)=1+e¢ 1o
CTENEHM (z—7i), yYUTBIBas, 4YTO f(") (mi)=e"" =-1:

1 1 1 1

1) == m) =51z =1) =3 (e == (e 20) 1 m) 3 (o= |

Te. f(z)=(z-7ni)p(2), re qo(z):—1—%(2—711')—%(2—%1')2—..., nprdeM ¢(7i)=-1.
IToaToMy z=7i €CTh Hylb IIEPBOrO HOPsAKA AN QyHKIUK f(z)=1+¢".

PaCCMOTpI/IM Oonee HpOCTOﬁ crnoco0 OIIPCACICHHU ITOPAAKA HYJIA.
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Teopema 5.1 (0 nopaoke nynn).
Touka z=a sBISAETCA HyJIEM aHANIUTUYECKON QYHKIMU f(z) MOpsAAKA k TOTAA U TOIb-

KO TOrJa, Koraa f(a):f’(a):...:f(k_l)(a):(), 7 (a)=0, (5.2)

T.C. IIOPAAOK HYJIAA PABCH IMOPAAKY HepBOﬁ OTJIMYHOM OT HYJIA HpOHSBOI[HOfI.

Heobxooumocmy. IlycTh z=a ecTb Hynb nopsiaka k ansd f(z). Toraa
f(2)=(z-a) (=), pla)20.
[Iponud pepenunpyem 3To0 paBEeHCTBO k pa3:
/'(z)=(=a)" ¢/ () +k(z=a) ().

"(2)=(z—a) " (2) +2k(z=a) " @' (2) + k (k=1)(z—a) P o (),

YN () =(z=a) oV (2)+ .tk (k1) (k-2)..1-(z—a)(2).
F9(2) = (z=a) oW (2)+ ..+ k10 (2).
Brruucioum 3t IMPOU3BOAHBIC B TOUYKC z=a .
f'(a)=0. f"(a)=0, f*D(a)=0, r¥(a)=k!p(a)=0.

Hocmamounocma. Ilyctsb f(a):f’(a):...:f(k_l)(a):O, Al (a)=0. Torna psan Teii-
nopa QyHKIUK f(z) 1O CTEHEHSM (z—a) MPUMET BUA!

‘. Dy 0 gy
f(z):f(a)+f1(! )(Z_a)+ +f(k—l()v)(z_"l) ot k!( )(Z_a) +f(k+l()!)( ma)
=0
f(k)(a) f(k+l)(a) f(k)(a)

f(z)=(z=a) p(z), e p(z) = a ) (=a)+.... mpuiem p(a)="—"=#0.

CrenoBaTenbHO, z=a €CTb HyJb OpAAKa k WA f(z).
Ipumep 5.1. Haiitu nynu pyskuuu f(z)=(1-cos z)3 1 OIIPEACTUTH UX TOPSIIOK.

Pewenue. Halinem nynu @yHkuum

f(z)=(1-cosz)’ =0 = cosz=1 = z, =27k (k=0,%1,%2..).
OmpenenuMm MoOpsiAOK Hydsd cHavyana s QyHKuuM g(z)=1-cosz. Tak Kak
g'(z;)=sinz; =0, g"(z;)=cosz; #0, TO B cuily TeopeMsl 6.1 TOUKU z; =27k ABIAIOTCA

HyJIIMM BTOpPOTO TNoOpsiika And GYHKUMU g(z)=1-cosz, T.e. 3Ty (PYHKLHUIO MOXKHO
IPEJCTaBUTh B BUsE g(z)=1—-cosz=(z—z )2 -¢(z), ¢(z;)=0. Torna

f(z)=(1-cosz)’ =(z=2,)"-0>(2), @°(2;)=0.
[TosTOMYy TOUKH z; =27k SIBASIOTCS HYJISIMU IIECTOT'O MOPSAKA ISl PYHKIUU [ (z) .
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5.2. OcoObie TOYKH PYHKIUU U UX KJIacCHPUKALMUSA

OcoOble TOYKM (QYHKIMM — OTO TOYKH, B KOTOPBIX Hapylaercs ee
AHAJIMTUYHOCTD.

Oco0yro TOUKy Ha3bIBaIOT M30JUPOBAHHOM, €CIIM B HEKOTOPOH €€ OKPECTHOCTH
HET JAPYTUX 0COOBIX TOUEK (PYHKIUU.

Hanpumep, GyHKIMs f(z) =——— HUMEET 0COObIE TOUKHU z, =0, z; = L (k=+1,%2,..).
sin(1/ z) rk
1
Tk
OJIHY OT JPYrOM OKpECTHOCTBIO. Touka z, =0 sBISETCA HEU3OIMPOBAHHOM, TaK KaK B JIIO-

IIpu 5TOM TOUKH z;, = (k=+1,%2,...) SIBJIAOTCS W30JMPOBAHHBIMU, UX MOXKHO OTAEIUTH
Oy10 ee OKPECTHOCTBD MOMAAYT HEKOTOPBIE U3 OCOOBIX TOYEK z;, .

B 3aBucuMocTu OT TOro, Kakum Oyner npenen GyHKIUMU B 0cO0OM Touke z,,
pa3IUYaloT TPU TUIA U30JIUPOBAHHBIX OCOOBIX TOYECK.

1). Ecmu lim f(z) — KOHEYEH, TO z, Ha3bIBAIOT YCIMPAHUMOI OCOOOI TOUKOIL.
Z—Z,

2). Ecnm lim f (z) =0, TO z, Ha3bIBAIOT HONIOCOM.
Z—>Z)

3). Eciu Zl_1)rr210 /(z) He cymecTBYeT, TO z, HAa3bIBAIOT CYU{ECIBEHHO 0CODOI TOUKOM.

1
(=1 (=-2)
MoJIIOCaMH, T.K. B 3THX TOYKax mpenen (pyHkuuu paBeH OeckoHeuHoctd. Ho 3to
IIOJIFOCHI Pa3HOTO MOPSAKA: TOUYKY z =1 Ha3bIBAIOT MOJIFOCOM 3—TO MOPSAKA, TOUKY
z=2 — NOJIIOCOM |—T0 mopsiiKa WK OPOCTHIM MOJFOCOM.

Hanpumep, ans dynkuun f(z)= 0CO0BIE€ TOUKH z =1, z =2 SBISAIOTCS

: k
Ilopsaiook nonrwca — 3TO HATypalbHOE YUCIO k, TaKoe, YTO lim f (z)(z-z,)
z—>z,

OTJIMYCH OT HYJIA U O0eckoHeuHocTH. bonee YI[O6HO ONPCACIIATL IMOPAAOK IIOJIHOCA,
HCIIOJIB3Ys CBA3b IMOJIFOCA C HYJIMU.

Teopema 5.2. Ilyctb z, ecTb Hylb HOpsAAKA k (QYHKIMH ¢(z) U HyIb HOpsAKa n (QyHK-
¢(2)
v (z)

k <n, W ycTpaHuMasi oco0asi TOUKa, €Cliv k > n .

1K v (z); Toraa ms QyHKuMK f(z)= TOYKA z, €CTh IOJIFOC MOPSAAKA n—k , €CIH

Hokazamenvcmeo. Tak Kak TOUKa z, €CTb HyJIb HOpsIKA k QYHKUUM ¢(z) U HylIb HO-
panka n QyHKIUH v (z), TO
k
(=) o) w@)0 o o) (ma) ) ala),,
v (2)=(-2) ¥ (). vi(z)=0 V@) —2)w) )

Torma npu & <n noayyum
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B 1 o(2) . _ . ok
el = e e
CIie10BaTeNbHO, TOUKA z, ABISICTCS MOJIOCOM TIOPS/KA n—k QYHKUMU f(z).
k=n (O] (Z)

Ilpu k>n nomyunm f(z)=(z-zy) , k—=n>0. CnenoBatensHo, lim f(z) Ko-

v (2) 2,
HEYEeH U z, €CTh yCTpaHUMas 0c00ast Touka GyHKIUU f(z).

3ameuanusn
1). Ecnmu ¢(z,)#0, To MOXKHO 3anucath ¢(z)=(z—z, )0 -¢(z) U cunTaTh z, HylaeM QyHK-
1uK ¢ (z) nopsaka k =0. Teopema 5.2 ocTaeTcsl ClipaBeJIMBOM U B 9TOM CIIy4ae.

2). B uacTHOCTH, €ClM TOUKA z, ABIISIETCS HyJIEM NOpsAKa n GYHKIMH v (z), TO TOUKA z,

1
ABJEICTCA TTIOJIFOCOM ITOPSAIAKA 7 (I)YHKLII/II/I —

v(2)

2
z

3
(I-cosz)
Pewenue. B npumepe 5.1 OblI0 yCTAHOBIIEHO, YTO TOYKM z; =27i (i=0,%1,%2,...) sB-

Ipumep 5.2. Onpenenuts TUIBI 0OCOOBIX TOYEK QYHKIMU f(z)=

JSI0TCA HYJIAMH TOpsiAKA n=6 i (YHKIUH y/(z):(l—cosz)3. Jns  dyHkuun

* Touka zo =0 SBJISICTCS HYJICM IOpsJAKa k=2, a TOYKHU z; =27i (z‘ # O) — HYy-

o(z)=z
MU nopsaka k =0. [ToaTtomy mo Teopeme 5.2 Touka z,=0 SBISETCA MOJIOCOM IO-

panKa n—k=6-2=4,a TOUKHU z; =2zi (i#0) — HONIOCAMU MOPSIIKA n—k=6-0=6.

Tun wu3onupoBaHHOW 0COOOW TOUKHM MOXXHO OXapaKTEpH30BaTh TaKXkKe uepes
pasnoxenue GyHKIuu B psia JlopaHa B BEIKOJIOTOM OKPECTHOCTH TOM TOUKH.

Teopema 5.3 (0 paoe Jlopana é okpecmnocmu yCmpaHumou 0coooit mouku).
Touka z, sBAAETCS yCTpaHUMOM 0CO00M TOUKOM GYHKIMK f (z) TOTZAA U TOJNBKO TOT/A,

Koraa pasnoxeHue QyHkiuu f(z) B psn JlopaHa B BEIKOIOTOM OKPECTHOCTH TOYKHU z,

HE COIEPKUT OTPULIATENBHBIX CTENEHeH (z —z).

Heobxooumocms. Ilycth TOUKA z, SBISETCS YCTPAHUMOW 0COOON TOUKOM (yHKIMH
f(z), Torna lim f (z) — xoHedeH. OTcIoza cienyeT, uTo GYHKIMS f(z) OrpaHUYCHA
Z—Z,

[0 MOAYJIIO B BBIKOJOTOW & —OKPECTHOCTH TOYKH z,; B YaCTHOCTH, ‘ f (z)‘SM Ha
OKPY)KHOCTH y, C YPAaBHEHHEM |z—z|=r, 1€ r <5 . OuennM xkodddurmenTs! c_, paga

Jlopana, BOCTIOIB30BaBIIUCH popMyIioii (4.2):

el o L | s Lo L
Tl ’ (z—zo) T 7

2rr=M-r" (n = 0,1,2,...).

Tak kak r MOXXHO B34Tb CKOJIb YTOAHO MajbIM, TO Bce KodpuiuenTsl ¢, pana Jlo-
paHa IPU OTPHLATEIbHBIX CTENEHSX (z—z,) PaBHBI HYIIIO.
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Hocmamounocmew. IlycTs pasnoxenue GpyHkuun f(z) B pan JlopaHa B OKpeCTHOCTH

TOUKH z, HE COJIEPKUT OTPULATENbHBIX CTENEHEN (z -z, ), T.€.

f(z):co+cl(z—zo)+cz(z—zo)2+... .

Torpa l_i)m f(z)=¢,, T. €. z, SBIAETCSA yCTPAHUMOU 0CO00I TOUKOH PyHKIMH [ (z).
z—=2z,

Teopema 5.4 (o paoe Jlopana é okpecmnocmu noaioca)
Touka z, sABIIsIETCA HNOJIIOCOM HOpsAKA k& (QYHKIMU f(z) TOrZAa U TOJNBKO TOIZa, KOraa

pasnoxenue QyHkuuu f(z) B pan JlopaHa B BBIKOJIOTOM OKPECTHOCTH TOYKH z, CO-

ACPKUT KOHCYHOC YHUCIIO OTPULATCIIbHBIX CTEIICHEH (Z - ZO) , d HUMCHHO

f(Z):c—0+...+(Zf—lzo)+ck+ck+1(Z—Zo)+... (Co¢0)

(z=2)"

Heobxooumocmy. IlycTh TOYKa z, SBIAETCS MOJIIOCOM NOpsAAKa k QyHKIuU f(z),

: . k
TOTIa Zl_l)rIZlO f(z)=o, 211—1;20 f(z)(z—z,)" omnueH or Hynd u OeckoHeyHocTu. OTcroza

CIIEILYEeT, UTO z, ABIAETCS YCTPAHHUMOM 0c000it TouKoi st pyHKIMu ¢ (z)= f(z)(z - zo)k

Y, 3HAYUT, B €€ psje JlopaHa HET OTpULIATENbHBIX CTENEHEH (z—z;), T.€.

qD(Z):f(Z)(Z—ZO)k :C()+CI(Z—Zo)+Cz(Z—Zo)2+...+Ck(Z—ZO)k+Ck+1 (Z—Zo)k+1 +eey

: k
IpUYeM Zh_r)r;() f(2)(z=z,) =¢,#0. Torna
flz =0+ —9 i e (z-2g)+... (cp#0).
(= e ) (@20
Hocmamounocma. Ilycts pasnoxenue GyHKuuu f(z) B paa JlopaHa B OKpeCTHOCTH

TOYKHU z, COACPKUT KOHCYHOC YUCIIO OTPULATCIIBHBIX CTEIeHEN (Z - ZO) , T.C.

f(Z): 0 k+...+(Zflzo)+Ck+Ck+1(Z—Zo)+... (C0¢0) .

(z=2)

OTCIOI[a CICOAYCT, 4TO

lim f(z)= lim ﬁ[co+cl(z—zo)+cz(z—zo)2+..}:oo,
0 \=«740

Z—)Z0 VA ¥4

lim f(z)(z—zo)k = lim [co+cl(z—zo)+c2(z—zo)2+..}:co¢0.

Z—)Z0 Z—)ZO

CnenoBaTenbHO, z, ABIAETCA IIOIHOCOM HOpsiaKa k GyHKUUU f(z).

Teopema 5.5 (o0 paoe Jlopana é okpecmnocmu cyuyecmeeHHo 0coboil TOUKN)
Touka z, sBIAETCA CYLHIECTBEHHO 0CO0O0N TOUKOM (DyHKIUH f(z) TOrzxa M TOIBKO TO-

I7a, Korjaa pasiaokenue GyHKuuu f(z) B pan JlopaHa B BEIKOJIOTOM OKPECTHOCTU TOY-

KH z, COAEPKUT OECKOHEYHO MHOT'O OTPULIATENBHBIX CTENIEHEN (z —z)).

DTa Teopema cieyeT u3 Npeablaymux Teopem 5.3 u 5.4.
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Ipumep 5.3. Viccenoats ocobbie Toukn GyHKImit f(z)="nr, g(z)=e'".

3
z

Pewenue. Touka z=0 sBisgerca oco00i Toukou 3TUX QyHKIUH. /{15 ycTaHOBIEHUS

€€ TUIIA BOCIIOJIL3YEMCS PA3IOKEHUAMU B P QyHKIUM sinz, e :

sinz 1 2 7 1 1z
f(Z):—3Z—S(Z—E-F;—...J:—Z—i'i‘a—.”,

z z z

2 3
g(z):e”zzl+1/z+(l/z) +(1/Z) +...:1+1 !

——+
1! 2! 3! z 2221 3.3

B cuny teopemsl 5.4 1 f(z) TO4Ka z=0 sABIAETCA IOIOCOM BTOPOro MOPSAAKA.

B cuny teopemsl 5.5 1 g(z) Touka z =0 SBISETCS CYIIECTBEHHO 0COOON TOUKOM.

5.3. BorueTrsl QyHKINH B €€ 0COOBIX TOUKAX

BoruetoMm QyHKIUM f (z) B €6 M30IUPOBaHHON 0COO0M TOUKE z, HA3bIBAETCS YUCIIO

B2 /()= okt § 700 |
v

rae y " ecThb MOJIOKUTEIBHO OPUEHTHUPOBAHHAS T'PAaHULA OKPECTHOCTU
TOYKH z,, HE coJiepKalas Ipyrux ocoObIX Touek GyHKUuU (puc. 24).
IIpuHATO TakXke Apyroe 0003HaYeHUE BbIYETa: Boru f(z).

Z=Z

PaCCMOTpI/IM Pa3JIMIHBIC CIIOCOOBI BEIYMCIICHHUS BBIUETOB.

1). Botuucnenue evtuema uepes xkoygpgpuyuenm paoa Jlopana

(=)

(5.3)

)

Puc. 24

Paznoxum byskiuio f(z) B pan JlopaHa B OKpecTHOCTH €€ OCOOOM TOUKH z,,

MMPOUHTCTPUPYCM IIO IMOJIOKUTCIBHO OpHCHTHpOBaHHOﬁ OKPYXKHOCTH }/+ C OCHTPOM

2wi, n=-1,
B TOYKE z, U BOCIOJB3YEMCS TEM, UTO 95(2 —zy)'dz = { | (mpumep 3.1):

f 0, n#-—

4

+00

f(2)=D c,(z-2)" = (fif(z)dz: i cnqS(z—zo)"dz=c_1-2ﬂi: Resf(zo)zi_gﬁf(z)dz:c_l.

n=—o0 y n=—oo }/+

27

+

4

Wrak, Bbiuer GyHKIMU f(z) B €€ 0co0OH Touke z, paBeH Ko3()(ULIMEHTY c¢_, IpH

1

zZ—2Z

Res f(z))=c |.

Hanpumep, B pasnosxkeHun QyHKIUKM z%e

1 1 1 1 1
ZZel/z:ZZ 14—+ 3-|- 5+... :ZZ+Z+—+ 3+
z 31z 5z 3z 51z

KoahpULMEHT ¢, pH % paBHSETCA 4, CIENOBATENBHO, Res f (zo)=c =

j)

39

B pa3ioxkeHuH GyHKIMU f(z) B psaa JlopaHa B OKPECTHOCTU TOUYKH z,

(5.4)

B OKPECTHOCTU 0CO00H TOUKHU z, =0

v



2). Bvoiuem ¢ ycmpanumoii ocoooii mouke
B okpectHOCTH ycTpaHUMON 0co00# Touku z, psa JlopaHa GyHKUMUU HE COAEPIKUT
OTpHLATEIbHBIX CTENEHEH (z-—z,), clenoBaTenbHO, KoddduuueHt ¢ =0. Takum

o0paszom, B yCTpaHUMOM 0CO00# TOUKe

Res f(z,)=0 | (5.5)

3). Botuucnenue eviuema ¢ noJiroce nepeozo nopaoka

Ecnu z, ectp momtoc mepBoro nopsaka GyHKIMU f(z), TO pasiaokeHHe (QyHKLUU

/(z) B pan JlopaHa B OKPECTHOCTU TOUYKH z, B CUIy TEOpEMbI 5.4 UMeEET BUA:

f(2)= S vepte(z-z9) +er(z—2) +...

0
YMHOKUM 9TO PaBEHCTBO Ha (z —z,)

f@)-(z—zg)=c +cy-(z—z))+¢ - (z-20)° +¢y-(z-29)° +... .

HepeXOI[H B 3TOM PAaBCHCTBC K IIpEACITY IIpU z — Zys IMOJIYyYHM:
Zli_r)réo(f(z)-(z —ZO)) =c = Resf(zo) R

T.C. B IIOJIFOCC TICPBOTO IMMOPAIKA

Resf(zo):ZIi_rgo(f(z)-(z—zo)) : (5.6)

4). Boiuucnenue evruema Qynkyuu 218’ ecnu ¢(z,))#0, g(z,)=0, g'(z,)#0.

Tak kak ¢(z,)#0, g(z,)=0, g'(z,)#0, TO z, SBIAETCS HyJEeM NOpsAIKA k=0 (GyHKIUH

¢(z) ¥ HyneM nopsiaka » =1 (QyHKIMH g(z); HOITOMY IO TeopeMe 5.2 TOUKa z,, SBISCTCS

TMIOJIFOCOM TIOpSiZIKA 1 —k =1 (YHKUUH ZEE% W JUIS BBIYMCIICHUS BbIUE€Ta ATOM (DYHKIMH

MOYKHO BOCIOJIb30BaThCs hopmysioit (5.6)

es (Z): im (Z) z—z,)= lim (Z) — (ZO)
Res Z(Z) szoggo(z)( o) = Jim g(zﬁozg(zo) Zr(zo)-

Wrax, B citydae, korna ¢( z,) #0, g(z,)=0, g'(z,)=0, cnpasemmsa GopMyIa

Res o(2) _o(z0) ) (5.7)

2=z, 8(z)  &'(2,)

5). Bviuucnenue éviuema ¢ nonroce K-20 nopAaoKa

Ecnu z, ectb nontoc k -ro nopsiaka GyHkuuu f(z), To pasnoxkenue QyHKIUU f(z) B

psan JlopaHa B OKPECTHOCTH TOUKH z, B CHUJIy TEOPEMBI 5.4 UMEET BUL:

C_, C_ C_
f(z)= (z—;{O)k - (z—ﬁg)lk_l +o.+ Z_‘ZO +eote(z—zg)+... (c#0).
YMHOKHM 3TO PaBEHCTBO Ha (z — zo)k u 3aTeM npoauddepeHuupyem k —1 pas:

k k-1 k k+1
J@(z—z)) =cp+c - @—z)+..+c - (z-20)" +cy(z-2p)" +¢-(2-2p) AR

b
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[f(z)-(z—zo)k}(kil) 04y Ot e (k=D ey k! -(z-2) + ¢, (";1)!(2-20)%... .

Ilepexons B IOCIIEIHEM PABEHCTBE K MpEAENy NPU z —> z,, NOIYIUM

lim | f(2)-(z —zo)’f}(k_l) =c_,-(k=1)!=Res f(z)-(k-1)!,

z—>z,
T.C. B IIOJIIOCE k -I'O MOpsAAKa

Res  (z0)= (. y; Jim [£0--20"]" | (5:8)

Ipumep 5.4. Haiitu BbIYeThl QyHKIUU f(z)=—~= | Bee 0COOBIX TOYKAX.
e f—

Pewenue. 3namenarens e“—1 oOpamaercs B HylIb B TOYKE z,=0 U, yYUTHIBas
HEPUOJUYHOCTE QYHKIUM ¢°, B TOUKAX z, =27ki (k==x1, 2, ..). D10 M OymgyT
oco0Oble Touku QyHKLIUHU [ (z).

Touku z; =2xki (k = O,J_rl,i2,...) ABJIAIOTCS HYJSIMU TOpsiiKa n=1 18 (QyHKIUH
g(z)=e"-1, T.X. g(z)=0, g'(z,)#0. Jna dyHkuun ¢(z)=z TOUKa z,=0 sBIAETCA
HyJIeM NOpsKa k=1, a TOUKU z; =27ki (k#0) — HylsaMu nopsiaka k =0. IToatomy
10 TeopeMe 5.2 To4Ka z, =0 sBISAETCS yCTpaHUMON 0C000M Toukol GyHKIMU f(z), a
TOYKHU z; =27ki (k#0) — moNOCAMU IOPAAKA n—k=1-0=1 QyHKIUH f(z).
[Tpumensis popmyns (5.5) u (5.7), nonydum

Res f(z9)=0, Resf(z;)=—H= :%: 2”11” =2rki .

6. [IpumMeHeHUEe BHIYETOB

6.1. IIpuMeneHne BbIYETOB K BHIYUCJICHUIO HHTEIPAJIOB f f(z)dz
L

Teopema 6.1. ITyctb GyHKIMSA [ (z) ABISIETCA aHAIMTUYECKON B 3aMKHYTOM 001acTd D

C ITOJOXHTCIIBHO OpI/ICHTI/IPOBaHHOﬁ FpaHI/ILICﬁ L' 3a UCKIIIOYCHUEM HU30JIMPOBAHHBIX

0COOBIX TOYEK z, z,, ...,Z,,JdexKamux BHyTpu D . Torga
n
§ f(2)dz=2ri-y " Resf(z;) - (6.1)
I k=1

Jlokazamenvcmeo. Y nanum u3 obmactu D (puc. 25) Kaxayr 0co0yro
TOYKYy BMECT€ C €€ OKPECTHOCThIO (TpaHMIbl OKPECTHOCTEH
o06o3HauuMm L, L,, ...,L,). B momy4uBieiicss MHOTOCBSI3HOM 00yacTu

¢byHkimsa Oyner aHanuTudeckou. [Ipumensisi HHTErpaibHYIO TEOpEMY
Ko a1t MHOTOCBSI3HO#M 001aCTH, MTOTY4YUM




W3 onpenenenus Beruera (5.3) ciaeayer, 9To f f(z)dz=2mi-Res f(z;) . [loaTOMY

LT

f}gf(z)dzzi gif(z)dZ:%Ti-li Resf(zk),

Ilpumep 6.1. BeIuucCiIuTh UHTETPAIT 9§ e
L
Pewenue. Koutyp L — 3TO OKPYKHOCTH C LIGHTPOM B TOUKE z =7i U

c paauycoM 4 (puc. 26). B nmpumepe 5.4 Mbl HalUIM 0COOBIE TOYKHU

Gysxunu f(z)=—~ ;¢ OTO TOUKH z=0 , B2ri, H4zi,... . U3 aTHX
e a—

TOYEK BHYTPb KOHTYpa L TIOIMANAXOT TOUYKU z=0 U z=27i. BeryeTsl
B O9THX TOYKaX OBbUIM BBIYMCIEHB B mnpumepe 5.4. [lpumenss
dbopmyny (6.1), monydum

gg%ldz:%ri [Res £(0)+ Res f (27i)| = 2mi (0+2mi) = —42.
¢

1/22

dz TIO KOHTYpY L: |z—mi|=4.

Puc. 26

Ipumep 6.2. Berauciuthb UHTErpa 9§ € 1dz 10 KOHTYpY |z —i|=3/2 (puc. 27).

2
1 20+

Pewenue. Kontyp \ z—1i \ =3/2 eCTb OKPY>KHOCTb C IIGHTPOM z =i U parycoM 3/2 (puc. 27).

[NonpHTerpanbHas GyHKIWs f(z) UMeeT TpU 0coOble TOYKM z=0,z=i,z=—i. BHYTpb

KOHTYpa MONajarT 0COOble TOUKU z=0, z =i .

T. x. byHkuus f(z)—deTHas, TO B pa3lokKeHHHU ee B psj JlopaHa B OKPECTHOCTH

o 1
TOYKH z =0 HET HEUYETHBLIX CTEIECHEN z, B YACTHOCTU, HET —. HOC—)TOMY
z

Res f(0)=c_,=0.

Bbrger B TOUKe z =i 11 PyHKIMK BUIA Z:Ejg B CITy4ae, Koraa ¢(z,) =0, g(z,)=0, g'(z,) #0,

MOXHO BBIUMCIIUTH 0 popmyrie (5.7), T.e.

2 2
Res el/z _ el/z

= 22+1_(z2+1)/

z=1

Tornma no teopeme 6.1

1/2? _ ' '
fzez+1dz:2ﬂz [Resf(0)+Resf(z)]:2m [(H— e-12i]:7er'

1/z

Ilpumep 6.3. BoraucnuTb HHTETpal dz (puc. 28).

2
|2|=1/2 z

L
Pewenue. TloppmHTerpanbHas GyHKIWs f(z) HMeET TpU OCOObIE TOYKH ( )
0
z=0,z=i,z=—i. BHyTpp KOHTypa mnomajaeTr CyIIECTBEHHO 0co0as TOYka

z=0. Jlng BBIYMCIEHHMS BbIYETa B JTOM 0CO0OM TOYKE pa3IOKUM L

HOJBIHTErPANIbHYIO0 (PYHKIMIO f(z) BPSi B OKPECTHOCTH z =0 IO CTENEHSM z: Puc.28
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f(Z):el/Z'Tl_Zz):(l+l+ L S T +...j-(1—zz+z4—26+...).

z z22! 231 A4 s

1 I 1 1 .
Berunciim ko duiment ¢, npu —: ¢ =1-—+—-— o= =sinl. Mcnone3ys paznoxeHue
z .

3! 5!
3 5 7
sinz=z-—+2_Z 4 U z =1, OJIy4uM c 1—l l—l+ sinl. Torma
TR TR TR SREETRI TR TREE e
€1/Z el/z
(ﬁ 5 dz=2mi-Rez ———=2ni-c_; =2mi-sinl.
z+1 z=0 z+1

|z|=12

+00

6.2. [IpumeHenne BHIYETOB K BHIYUCIECHUI0 HHTEIPAIOB | f(x)dx

—00

3JICCB N AAaJIBIIC HECOOCTBEHHBIN HUHTCTPAJI IOHUMACTCA B CMBICJIC ITTABHOI'O 3HAYUCHUA.

Teopema 6.2. ITyctb 1) byHkuus f(x) coBmagaer ¢ f (z) ¥ HEIpepbIBHA HA (—o0,+0),
2) ¢yskumus f(z) sABISETCS AHAIUTUYECKOM B BEpXHEH MONYIUIOCKOCTH, 32
UCKITFOYCHUEM U30JIMPOBAHHBIX OCOOBIX TOUCK Z;, 2y, ...,Z,,

3) CyIIECTBYIOT MOJIOKUTENbHBIC YucHa M, R,, 5 TaKkue, 4To
| £ (z ‘_ TIPH YCIIOBHH, YTO |z|=R >R, . (6.2)

+00

Torma nHTerpan j f dx MOXHO BBIUHUCIIUTH MO (PopmyIie

—00

If )dx =2mi- ZResf z;), rae Imz; > 0. (6.3)

Hoxazamenbcmso. PacCMOTPUM 3aMKHYTBIA KOHTYP L, COCTOSAIIMI U3 OTpe3Ka [—R,R]
JNEHUCTBUTEILHON OCH M BEpXHEW MOIYOKPYXKHOCTU L, (puc. 29).
Beibepem R HacTONBKO OONBIIMM, YTOOBI R >R, U 0COOBIE TOYKH
z, Zy, -...,Z, TIOMAJIN BHYTpb KOHTYpa L . [1o Teopeme (6.1)

ff(z)dz = 27?1'-2 Resf(zk).
I+ k=1

C npyro# CTOpOHBI, IO CBOMCTBY aJAUTUBHOCTH UHTETpaja

ggf Jz= [ 1z dz+ff )dz .

(R R]

CpaBHI/IBaH 9TH JABa paBeHCTBa " YYUTBIBAA, YTO z =Xx HA OTPC3KC [—R,R] , HOJIYYUM
n
jf )dx + j f(z)dz=2mi-Y Resf(z,). (6.4)
k=1

M
Ha [OTyOKpYXHOCTH L, 1O YCTIOBHIO T€OPEMBI | f(z)|

) S|Z|1+5 Lk

a 110 CBOMCTBY
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< M _7rp-M .7 50 npu R—>o0ou 5>0.

00 OILIEHKE MHTErpaia < ohs I

J. f(z)dz

Lp

[ToaTomy paBeHCTBO (6.4) B peaesne npu R — oo MPUMET BUI:

Tf(x)dx = 2ﬂi-i Res f(z;) -
L =

P (z
Cneocmeue. ITycts GyHkimst f(z) = Qk (( )) €CTh OTHOIIICHUE JIBYX MHOTOWICHOB, n—k >1 U
z
n
Z, Zy, ...,Zy €CTb HyJU 3HaMeHaTens O, (z), Jiexkalye B BepxHel nomyrockocty. Torna

Tf(x)dx :2711’-% Res f(z;) -
L =

P
Hokazamenvcmeso. 3anuieM QyHKIUO f(z)= Alz) B BUJIE

0,(2)

k -1 —k
P(z) apz* +ai '+ 4a, 2 (a0+alz otz ) 1 0(2)
= - = . z R
0,(2) by"+bz" "' +..4b, " (bo +hz +bnz_”) "k

/(2)=

~ (“0 +alz_1 +...+akz_k)
e p(2) = (bo +bz! +...+bnz‘”) '

Tak xak lim ¢ (z)= Z—O , TO ‘go (z) ‘ <M TIpH yCIIOBHH, 4TO |z|> R,. [TosTomy
Z—0 0

1

G- e ool

|Z|1+5, rneé=n—-k-1>0

Y MOKHO MPUMEHUTH TeopeMy 6.2.

dx .
(x2+1)

Pewenue. Tak xak nmoAbIHTErpaibHas (PYHKIUS SBISETCA YETHOM, TO

+00

+00
IIpumep 6.4. Borauucauth uHTErpa [ = I
0

(zz-li-l)

Oynkuya f(z)= ;5 €CTb OTHOIIEHHE JBYX MHOIOYICHOB, B BEPXHEM MOIYILIOC-

KOCTH UMCCT OJHY 0006}/1-0 TOYKY z =i, IO3TOMY IIO CJICACTBHUIO K TCOPEME 6.2

+00

dx . 1
I=1 —L.oog; Res .
2 —Jc:o (x2+1)3 2 == (22+1)3
Ja byrxpm f(z) = L = 1 TOYKA z =i SIBJISETCS MOJKOCOM TPETHErO TO-

(Zz+1)3 (Z+i)3(z_i)3

psiaka. [ToaTomy 711 BEIUMCIIEHUS BBIYETA BOCIIONB3yeMcsl (popmyioit (5.8):
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[=rmi Res%:ni-ilim |:13-(z—i)3} zgilim{(%)(_‘l)} 67i :3;%'
_l')

SN ERE i) | @

6.3. [IpumeHeHue BbIYETOB K BbIYMCJICHHUI0 HHTEIPAJIOB

D +00 +00
Ilzjf(x)ei“xdx, Izsz(x)cosaxdx, = '[f(x)sinaxdx

OTMeTHM, 9TO '™ = cosax +isinax . [ToaTomy

to +0 +00
I = Jf(x)emdx: jf(x)cosaxdxﬂ j f(x)sinaxdx=1,+i I; =

+00

CrnenoBatesibHO, JOCTATOUHO Pa300paThCsl C BHIYMCICHUEM UHTErpana [, = j f(x)e'™ax.
—00

I[JISI 9TOT'0 BOCIIOJIB3YCMCA CIICAYIOIIUM PC3YJIIbTATOM (JIOKaSaTCJ'IBCTBO OHYCTI/IM).

|Z—ly0|

Jemma Kopoana. 11yctb Ha IOTYOKPYKHOCTH yp :
Imz2>y,

GyHKUUA f(z) aHATUTHYHA U ‘f(z)‘SS(R), rae ¢(R)—0 npu R —oo. Toraa

jf(z)eiazdz—>0 nmpu R—>0 U a>0.

3ameuanue
[TpuBenennyio GhopMyIUpoBKY JeMMbl JKopaHa MOKHO paclpOCTPaHHUTh €IIe Ha
HECKOJIbKO city4aeB. Mrtak, remma }Kopnaﬁa CIpaBe]JINBa, €CIM B HEeH

—xo|=R

1) a>0, |Z zy0| 3)a=ia (a>0), : |Z x0|
) YR { Imz Zyo, ) ( ) TR Rez 2> x,,
-1 :Ra - :Ra

2) a<0, yg: 215 4) a=ia (a<0), yg: 2=l
Imz<y,, Rez < x,

+00

ITpumenum nemmy JKopJlaHa K BEIYUCIEHUIO UHTETpaa [, = j f(x)e'™ax.

—00

Teopema 6.3. Ilyctb 1) byHkuus f(x) coBmagaer ¢ f(z) U HEIpepbIBHA HA (—o0,+0),
2) ¢yHkuus f(z) sABIETCA AHAIUTUYECKOM B BEPXHEH IONYIUIOCKOCTH, 32

HUCKIIIOYCHUCM U30JIMPOBAHHBIX 0COOBIX TOUEK Z1y Zyy a2

no
|2[=R,
3) | f(z)|< &(R) Ha IOMyOKPYKHOCTH g : L, TpueM g(R)—0 mpu R — .
mz >0,
+00 '
Torna unTerpan j f(x)e'*"dx MOXKHO BBEIYHMCIIUTE 110 (hopmyIe

—00

j f(x)eiaxdx =2ri- ). Res [f(z)eiaz}, rae Imz, >0, a>0. (6.5)
- k:1 Z:Zk
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Hoxazamenbcmso. PaccMOTpHM 3aMKHYTBIH KOHTYp y , COCTOSIME U3 OTpe3Ka [—R,R]
JEUCTBUTENILHOM OCH M BEpXHEH MNOIYOKPYXHOCTH y, (puc. 30).

Beibepem R HacToinbKO OONBIIMM, YTOOBI OCOOBIE  TOYKH

z, Zy, -...,Z, TOMAJN BHYTpb KOHTYpa y . [To Teopeme (6.1)
. n .
if(z)elazdz :27Ti-z Res | f(z)e'“?].
L k:1 Z:Zk
5

C npyro# CTOpOHBI, IO CBOMCTBY aJAUTUBHOCTH UHTETpaja

%f(z)eiazdzz f f(Z)eiaZdZ+ff(Z)€iaZdZ )
oo TR

[-R. R]
CpaBHUBas 3T JBa PaBCHCTBA U yUUTBIBAsL, YTO z=x HA OTPEe3Ke [—R,R], HOIydnMm
+R . . n .
I f(x)e' " dx+ j f(z)e'*%dz =2mi- ) Res [f(z)e’az} . (6.6)
—R YR k=177
Ha mONyOKpYXHOCTH y, MO YCIOBHIO TeOpeMbl (GYHKIHS f(z) YHOBICTBOpSIET
ycaoBusM JeMmbl XKopaana npu y, =0, mo3ToMy U3 JieMMbl JKopiana cieyer, 4to

If(z)eiazdz—>0 npu R—>0 U a>0.
TR
Torna paBeHnctBo (6.6) B mpenesie Npu R — o MPUMET BU:

_J;Of(x)e dx:2ﬂi-l\;Res[f(z)e }

=1 #=%

P
Cneocmeue. TTyctb Gynkups f(z)= Qk ((Z)) €CTh OTHOILEHHE JBYX MHOTOWIEHOB, ITIE k < n
Z
n
W 2,2, ...,Zy €CTb HyllM 3HaMeHatens O, (z), iexaliye B BepxHeii nosyruiockoctd. Tora
—+00 } N )
J. f(x)e'““dx=2mi- ) Res [f(z)e’az}, a>0.
% k:1 Z:Zk

P
Hokaszamenscmeo. 3anmuieM QyHKIHIO f(z) =~ (2) B BUJIE

f( ) D (Z) aOZk+a12k_1+...+ak 2* (a0+a12_1+...+akz_k) 1 q)( )
Z)= = — _ ) o),
Qn (Z) b()Zn +b12n_1 +"'+bn N (b() +b|Z_1 +...+an_n) Zn—k

(ao +alz_1 +... +akz_k)

(bo bz +bnz_") '

rae ¢(z)

Z—®

Tak xak lim ¢ (z)= Z—O , TO ‘go(z) ‘ <M TIpH ycJIOBUH, 9TO | z|> R . [TosTomy
0

1 .
|Z|n—k

Tak kak n—k >0, To &(R)— 0 IPU R — 0, U MOXKHO IPUMEHUTH TeOpeMy 6.3:

M
—= ¢(R).

762} -

LOIE
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+00 ] n ]
J f(x)e'dx=2zmi- ) Res[f(z)emz} .
"% k=1 Z=Zy
+00
Ilpumep 6.5. Beravicnutb uHTErpan [ = J W (a>0, b>0).
0

Pewenue. Tak xak HOI[BIHTeraJ'IBHaSI (l)yHKI_[I/ISI ABIISACTCA quHOﬁ TO

+
cosaxdx cosaxdx _ | ’”xdx
= J. x*+b* __-[0 2+bpr 2 Re -[

Oynkuusa f(z) :ﬁbz €CThb MpaBWIbHAs JIpOOb, y KOTOPOIl 3HaMeHaTellb B BEpXHE

IMMOJIYILUIOCKOCTU UMCCT OAUH HOJIb z = bi, IMO3TOMY IIO CICACTBHUIO K TCOPEMEC 6.3 umeeM:

+00

J, eiaxdx ) eiaz

MO>KHO BBIYHMCIIUTD 110 dhopmye (5.7), T.e. Res SopT <22+b2)/ =
z=bi
OxoHYaTeNbHO, MOIYYUM
I= T COSAX_ 1x=1Re Temxdx = 1Re(Zm’ Res—¢"** j: Re (7[ _ab) = e b
0 X’ +b° 2 _Oox2+b2 2 z=bi 7% + b? 2b 2b '

3aMeTuM, 4To 37€Ch HeMmpUMeHUMa Teopema 6.2 111 GyHKIuu f(z) = CZL‘;)ZZ , T.K. |cosz|
4+

OBICTPO BO3pACTAET JUIA | z|> Ry, 1 GyHKIMA f(z) HE yAOBIETBOPSAET YCIOBHIO (6.2).

7. OnepanmoHHoOe UCYHUCTIEHUE

OI[HI/IM U3 BAKHBIX HpI/IHO)KCHI/Iﬁ TCOPUH (I)YHKI_II/Iﬁ KOMIUICKCHOT'O IICPEMCHHOT'O
ABJEACTCA OIICPAIMOHHOC HMCYUCIICHHC. B (1)1/131/11(6, MCXAHUKC, JJICKTPOTCXHUKE, pPa-
AUOTCXHUKEC MCTOAbI OIICPAIMOHHOTO HCYUYHUCICHUS HCIOJIB3YIOTCA IIPpHU PCIOCHUH
MHOT'HX IMPUKIAJHbIX 3a1a4.

7.1. [loHsATHE OPUTMHAJIA U €r0 H300PaKEHUA

KomnnekcHo3HauHass QyHKuus f(¢)=u(t)+iv(s) BELIECTBEHHOIO apryMeHTa ¢

Ha3bIBACTCS OPUSUHAIOM, ECII OHA YAOBIECTBOPSIET CICAYIOLIUM YCIOBUSIM:
) yHKIMA [ (f) KyCOUYHO HEIPEpPhIBHA, T.€. HA TI000M KOHEYHOM HMHTEPBAJIE MOKET

MIMETb JIMIIb KOHEYHOE YHCIIO TOUEK Pa3phIBa IMEPBOrO POJa;
2) f(t)=0 npu 1<0;
3) f(t) pacTeT He ObICTpee MOKa3aTeNbHOM QYHKIUM, T.€. CYLIECTBYIOT TAKUE YUCIIa

M>0u s>0, IpHU KOTOPBIX

fO|<M - (7.1)
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TO‘IHYIO HWXHIOKO TPaHb s, TCX 3HAYCHUH s , JJB1 KOTOPBIX CIIPABCIJIMBO HCPABCHCTBO

(7.1), Ha3BIBAIOT HOKaA3amenem pocma opuruHana f (t)).

0, t<0 A

Ilpumep 7.1. @ynuxkyus Xesucaiioa 1 (f) = L 50 (puc.31) siBusieTcs opu- n(t)
, 12 1

THHAJIOM C MOKA3aTeNleM pocTa s, =0, Tak Kak 7(1) <1=e’ 0t

3ameuanue. Ilycts HekoTOpas QYHKLUS ¢(¢) yIOBIETBOPSET yCIO- Puc. 31
uc.

BUsAM | u 3 ompeneneHus OpuUruHaia, HO HE YOBIETBOPSET YCIOBHIO 2,
T.e. (GyHKIMA ¢ (7)#0 114 1<0. YMHOXKUB 3Ty QYHKLUIO Ha 7(¢), Mbl "3aHynseM"

Q)yHKuH}o (p(t) o <0 A HE u3MeHsAeM ee i (>0. Torma mpousBeacHHE
0, <0
cv(t)-n(t):{ ( ) >0 6YI[CT OpUTHHAJIOM. B ajnbHeeM HHOra JJTst COKPAILCHHUS 3aIlk-

cu OyzneM micath ¢ (1) BMecTo ¢(¢)-n(t).
Ilpumep 7.2. Oynxumun f(t):%n(t), g(t):etzn(t) HE SIBJISIIOTCS OpPUTHHAIAMHM, T.K.

nepBasi GQyHKLIUS B TOUKE ¢=0 HMEET pa3pblB BTOPOTO poja, BTopas (yHKUHUS HE

yIIOBJIETBOPSET COOTHOIIEHUIO (7.1).

(a+bi)t

Ilpumep 7.3. Tlokazatb, 4T0 QYHKIUU f(f)=e n(), g(t)=t*n(t) (a>0) ABIAOT-

Csl OpUTMHAIAMH U HAHTH UX MOKa3aTeu pPOCTa.
Pewenue. Dynxims f (1) HenpepbIBHA BCIOMY, KPOME TOUKH ¢ =0; f(¢)=0 mpu t <0 U

VOE

a+bl at bit|_ at | bit at
=le e |= . .

=1
[ostomy GyHKIMS f(7) ABISETCS OPUTHHAIOM C IIOKa3aTeleM POCTa s,=a, €CIU
a>0, ¥ C MOKa3aTeseM pocta s,=0, eclid a <0.
Dynkims g (1) HerepBIBHa BCIOMY, g(¢)=0 HpH t <0 U UL TF000r0 & >0 MMeeM:

oL s,=inf{e: £>0}=0.

lim £, =0 = ‘g(t)‘ﬁt”

t—>+0 eé‘f -

[ToaToMy byHKIMSA g(¢) ABIAETCA OPUTUHATIOM C TIOKa3aTeseM pocTta s,=0.

Ceoiicmea opuzunanos

ITycts f(¢) ecTh OpUIHHAI C IOKa3aTeleM pocTa s;, g(f) €CTh OPUTUHAT C MOKa-
3aTelieM pocra s, . Toraa
1) fi(¢)=f(¢)+g(t) ecTb OpUTHHAI C OKA3aTENIEM POCTA s = max{s;,s,},

2) fr(t

f(at) (a>0) ecTb OpuruHai ¢ MoKa3areIeM pocTa as,,

(1)=
3) f3(1)= ( t)-n(t—7) (r>0) ecTb OpUrHHAI C IOKA3aTeNIEM POCTa s,
4) f,(1)=t“f(¢) («>0) ecTb OpUTHHAJI C IOKA3aTEIEM POCTA s,
t
5) fs(1)= j f(r)dr ecTb OpUTHHAJI C IOKA3aTENIEM POCTA s, .
0
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HelictBurensHo, QyHKuuu f,(¢), f,(¢), f5(¢), f,(¢), f5(f) KycOYHO HENpepbIBHBI U PaBHBI
HYJIIO TIPU ¢ <0, T.C. YIOBIETBOPSIOT MIEPBOMY M BTOPOMY YCIOBHUSM OIPEACTICHUS
opuruHaia. [IpoBepuM BBITIOHEHUE AJII HUX TPETHETO YCIOBUS:

‘fl (r)\s\f(z) ‘+‘g(t) ‘ <M + Mye™ <M + M,e' <Me*',
rae M =M, +M,, s=max{s,,s,},

‘fz )‘ ‘ al‘<MeS' (@) _ pp o)t (a>0),

@)= e (o) <l oo <ar e

‘f4 t)‘gt“‘ ‘<e5’ Meh :Me(sﬁg)” S:inf{S1+8}=S1,

\fs t)‘ jf( )dt gj"f(z—)‘dTSMj.eSﬁdTSMesltj.dT:Mes]tthe(sﬁs)t-
0 0

[lepeiineM Kk TOHATHIO N300 paKEHUS.

H3o00pasicenuem opurnHana f (¢) HazpiBaeTcsi GYHKIUSA F (p), CBA3aHHAs C OpU-

TUHAJIOM f (t) PABEHCTBOM:

F(p)= J.f(t)efptdt : (7.2)

0

Tor dakt, yro F(p) ectb uzobpaxeHue and f (), OyleM CUMBOIMYECKHU 3aIlU-
ChiBaTh Tak: f(t)+F(p) wmu F(p)+f(¢t). HecoOcTBeHHBINI HHTErpajn, CTOSIIUNA B

paBoi yacTu paBeHcTBa (7.2), 4acTO Ha3bIBAIOT MHTErpasoM Jlamnaca 1yt GyHKIUK
/(¢). Ilepexon ot opuruHana f (¢) k uzobpaxkeHuI0 F(p) Ha3bIBalOT Ipeobdpa3oBa-

nueM Jlammaca. Teopuro nmpeoGpazoBanust Jlamnaca Ha3bIBalOT ONEPAlMOHHBIM HC-
yucjieHueM. B ganpHeneM Mbl YBUIUM, YTO CMBICI OTIEPAIITMIOHHOTO METO/Ia 3aKJII0-
YaeTCsl B TOM, UTO C ITOMOIIBIO BBEJICHUS N300paKEHUN YIAaeTCs YIIPOCTUTH PEIICHHE
MHOTHX 3aJ1a4.

Teopema 7.1. (0o cywsecmeosanuu u aHATUMUYHOCIMU U300PAIHCEHU)

ITycts opurunan f(¢t) UMeer mokas3arenb pocTa s,. Toraa

1) B oOnmactu Re p > s, n300paxeHue F (p) CyIIECTBYET, T.€. IHTETpal I f(t)e®? ‘dr cxomures,
0

2) B obnacti Rep>a (a>s,) UHTErpal I f(t)e”? 'dt cxommTCs paBHOMEPHO,
0

3) uzobpaxkeHue F(p) sABIAETCSA aHAIUTUYECKON (YHKLUEH B 001aCTH Re p > 5.

ﬂOKClSClWl@JZbCWl@O.

1). Ilycts p =s+ic . YaursiBas, uto | f() | <M A MOJTYYHM:

‘f(r —szf ‘ ‘ st- m‘ (Mesot)_e—st‘@:(Mesot)e—st:Me(so—s)t)

=1
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=+00

_pt b (s0-s5)1 (s0-5)2|"
< Hf(t)e dtSM'([e Nar =M eso_s

t=0

_J'f e Pldt

Torpa B o6nactu s =Rep>s, (puc. 32) Oyaem UMeTh:

-5<0, SN pH £ —> +00,

t=+o0
< & :M(O— ! j:M , (7.3)
t=0

So

- frweria

T.€. UHTeTpan F(p)= J'f(t)e’ptdt CXOIUTCH.
0

2). Bobnactu s=Rep>a (a>s,) OyneM uMers: s,—s<s,—a <0,

P i

b

+00

He 3aBUCHT OT p W WHTerpan | gy = . 1a Puc.32
-

dysxmms )

+00
o -pt
CXOAUTCH. HOC—)TOMY 110 HpI/IBHaKy BCI/IepIHTpaCC& I/IHTeraH J.f(t)e P dt CXOAUTCA
0

paBHOMEpPHO B 001acTH Rep>a.
3). IlycTb y — pOM3BOJIBHBIN 3aMKHYTHIN KOHTYp B 00JacTu Re p > s,. Torna

+00
gSF )dp = cjidpjf ePlar= [ f(ydegePlap.

0 4
31eck MBI MOMEHSIN TOPANOK MHTerpupoBanns. Tak xak Qymkmus e ' ssusercs
AHAJIMNTUYECKOU, TO 95 P tdp 0 ¥ MO3TOMY gSF )dp =0. Kpome Toro, Mo>xHO HOKa-

4 4

3aTh, 4TO QyHKUUS F(p) SBISETCS HENPEphIBHOW (0OOCHOBAaHME JTOIO OILYCTHM).
Torma u3 Teopemsl Mopepa (m. 3.3), obpatHOif k Teopeme Komm, ciemyer, 4to
(GyHKUUSA F(p) SABISETCS aHATMTHYECKOIL.

Cneocmeue. Ilycth opuruHan f(¢) uMeeT mokasaTenb pocta s, U f(¢)+F(p). Torna

1) [F(p)|< RGPLS (Rep>sy), 2) RehrEooF(p) 0

JleficTBUTENIbHO, TIEPBOE YTBEPXKIEHUE cieayeT u3 cooTHoueHus (7.3), a BTopoe
YTBEPKJEHUE CIEeAYET U3 IEPBOTO.

Ipumep 7.4. Haiitu nzo6paxenue GyHkuuu Xapucaiaa n(z).
Pewenue. Tlopsanok pocra GyHKIUU 7 () paBeH s, =0 U, CIEI0BATENbHO, U300paxkKe-
HHE CYyIIECTBYeET, Koraa Re p > 0. Ilo onpenenenuio

+00 +00 +00

F _ —pld: _p[d :Lpl —L li -pt_ 0 :L,
(p) I’l;(’lt_)‘,e 4 E').e 4 -p 0 —p {—1>IPooe ¢ p
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Tosichum paBenctBo  lim e?'=0. Ecm p=s+io, To el = o (SHO) _ st ot
—>+00

DOynkuus e*! sBasercs 66CKOHEYHO MAIIOM MPH ¢ — +o0, TAK KaK s = Re p > 0. DyHK-

uus ¢! gBsAeTCS OrpaHUYEHHOM, TaK KaK

e = [ cos®(—ot)+sin*(-ot) =1.
(-ot)+sin”(-ot)

[Tostomy dyHKIMsa e P!, Kak npou3BegeHUe OECKOHEYHO Majioil ()yHKIMU Ha Orpa-

HUYCHHYIO (YHKIHIO, SIBISCTCS OCCKOHEUHO MAJIOW MPH t — +wo, T.e. lim e ?'=0.
t—>+w

Ntak, Mbl OTYyYWIIH: n(t) +% WJIN 1+% .

Bo BTOpOIi popMyre MBI 10 JOrOBOPEHHOCTH OIYCTUIIN MHOXKUTEID 77 (7).

Hpumep 7.5. Haiitu nzobpaxenne pyHkuuu ' n(r).
Pewenue. ®yuxuus e?'-n(f) ABIAETCS OPUTHHAIOM C MOKa3aTelleM pOCTa s, = Req
(mpumep 7.3). IloaTomy ee u3oOpaxeHue F(p) omnpenenacHo B o6nacTd Rep>Regq.

Haiinem 3T0 nzo0paxeHnue:

+00

+o0 400
Fp)= [ e®ePldt= | elapligg_e U 1
! 5 (a-pr)|, P-4

3IICCB, TAKKC KaK B IPCAbIAYIICM IIPpUMEPC, MOKHO ITOKa3aTb, 4YTO lim e(q—p)t :O)
t—>+0

TaK KaK Re(q-p)<0. HUrak,

qt .1 qt . 1
el"-n()+ Uiu e* + Rep>Reqg)|

Jlns mepexosia OT OpUrnHajiIa K H300paxeHuo (U At 00paTHOTO Mepexo/a) Haa0
3HATh CBOWCTBA U300paKEHUS.

7.2. CBoiicTBa U300pasKeHNH

1. JTuneitnocme
ITycte f(¢) ecTb OpUIHHAI C IIOKA3aTeIEM POCTa s, g(f) €CThb OPUTHHAI C IOKa-

3aTeneM pocTa s,, f(1)+F(p), g(t)+G(p). Torna
A-f()+u-g(t)+A-F(p)+u-G(p),
rae A, p4 — JN00ble HOCTOSHHBIE, Rep>max{s,,s,}.

JleficTBUTENBHO, IO CBOMCTBY OpUTUHANOB QyHKUUS A-f(f)+p-g(t) €CTb OpUTHHAT
C IOKa3aTeJIeM PocTa s=max{s,,s,}, IO3TOMYy B obsacTu Rep>max{s,,s,} H300pa-

KeHHe opuruHana A- f(¢)+ u-g(r) cymecTByer. Beuncaum ero:
+00 +00 +00
Af(t)+ug(t)+ J (lf(t)+,ug(t))e_ptdt =1 j f(t)ePldt+p J g(t)ePldt=AF (p)+uG(p).
0 0 0
Hcnons3ys 3T0 CBOMCTBO, MOXHO ITOKA3aTh, YTO

sinat+p2za2, cosoct+pzfoc2 (Rep>|Imal)
shat+p2?‘a2, Chal+p2pa2 (Rep>|Real).
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(110 1OrOBOPEHHOCTH OIyCKa€M MHOXKMTEID 7 (¢)).
JlelicTBUTENBHO, 110 (popMyIie Diiepa sina t = 21l,(e fat _ g-iat )

Hcnonb3yst CBOMCTBO JIMHEWHOCTH U IIPUMED 7.5, HOJIydUM

(1)1 (prie)—(pia) o)
Smat'2i(p—ia p+ioc)_2i P pzi‘az, Rep>Re(tia)=|Ima|.

AHAJIOTUYHO, HapUMeEp,

_1{, at -at|. 1 1 1 _ p + _
chat 2(e +e )'2(p—a+p+aj et Rep>Re(+ a)=|Real.

2. Ceoiicmeo nooodus
ITycts f(f) ecTh OpUrHHAI C IOKa3aTenaeM pocta s, U f(¢)+F(p). Torna

f(20)=LF(Ap), A>0, Rep>2is,).

At=1
Adt=dr
TaK Kak f(Af) €CTh OPUTUHAJ C IOKA3aTENEM POCTa As,, TO €r0 N300pakeHHe Cylle-

HelictButensHo, f(At)+ J' f(At)ePdt=
0

+00 _E
:ij(r)e irdr:}lF(%), IpUYEM,
0

CTBYET B 001aCTH Rep > s, .

3. ugpghepenuuposanue opuzunana
Iycts £ () ects opurmman ¢ mokasatenem pocta s,. Torma £V (¢), "2 (0),...,
/'(¢),f(f) ecTb OpUIHHAIIBI C HOKA3ATEIAMH POCTA s, IPUUEM, €CIU f(1)+ F(p), TO

f'(t)= pF(p)=£(0),
f”(t)+p2F(p)—pf(O)—f'(O),....,
S0+ p"F(p)- "1 (0)-p" 21 (0)-..— r"7(0),

rae f4)(0)=tim f)(e) (k=123..) u Rep>s.

JlelicTBUTEIBHO, €CTTU [ (n) () ecTb OpUrUHAI C I0KA3aTeNIEM POCTA s, , TO U3 CBOMCTB

t
OPHUTUHAJIOB CJICAYET, YTO jf(”) (7)dr = A (t)—f(”_]) (0), a cre0BaTENbHO U Falaw (1),
0

t
-2 -1 -1
€CTh OPHIHHAI C TIOKA3aTeNeM pocTa s,. Aanormuno, /") (¢)= j U (2)dr+ £ (0)
0
SABIISICTCSI OPUTUHAJIOM C TIOKa3aTeaIeM pocTa s, H T.1.

HaﬁHeM I/1306pa>KeHI/Ie OpuruHajia f ! (f ) . I[HH 9TOro BOCIIOJIB3YEMCA OIPCACIICHUEM
I/1306pa>I<eHI/I$I 1 MCTOAOM MHTCIPUPOBAHUS 110 YaCTAM:
u= e_pt du= —pe_ptdt

—f'(t)dt:’v:jf'(t)dt:f(t)

OuennM Gynkumio f(t)e?’,rae p=s+io. Tak Kak | f(¢)[<Me” o' i

If )e dt = =/ (0e?)”

+pr(t)eptdt.

—iot

=1, TO
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—st

‘f(t)e_pt‘SM-esot e

et ‘:M-esol-e_”zM-e_(s_SO)t.

[Ipenen sToit QPyHKIMU MpU ¢—> +o0 PaBEH HYINIIO, TaK KaKk s=Rep>s,. [loaTomy

f(1)+0-f(0)+ pF(p)=pF(p)-f(0). Ilonp3ysck MOIy4YEHHBIM U300paKEHHEM IPO-

M3BOIHOM M y4UTHIBAsA, uTO ["(1)=(f '(t)), , HAaXOJINM
S'()+p[pF(p)=f(0)]-1(0)=p°F(p)-pf(0)-1(0) HTA

IIpumep 7.6. Haiitn uzobpaxenne F(p) GyHKuun f(¢)=sin’z.

Pewenue. TIpoguddepenunpyem 3To paBeHCTBO:
f'(¢)=2sinzcost =sin21.

[lepeiineM k N300pakKeHUSIM :

PE()-{(0)=mr = F(p):m.

4. Humezpupoeanue opucunana
ITycts f(f) ecTh OpUTHHAI C IIOKa3aTeIEM pocTa sy, f(¢)+F(p), Rep>s,. Torna

p F
J(;f(r)dr _;p)

Taxum 06pa3zom, IpH UHTETPHPOBAHUM OPUTHHANA €T0 N300paXKeHHe JEIUTCA Ha p.

JIeHCTBUTENBHO, PACCMOTPUM (DYHKLMIO g (¢) = j f(r)dr u ee uzobpaxkenue G (p). U3sect-

HO, uyTO g'(t)= f(¢) . Ilepeiinem B 3TOM paBeHCTBOe K M300paKEHISM, YUUThIBAs CBOMCTBO 3:
PG -20)=F(p). 20)=]r(e)ir=0 = 6(n)="12).

Hpumep 7.7. JJokazath, uto ¢ "+ 1L

n+l°

p

. 1
Pewenue. IlpumenuM n pa3 cBOKMCTBO 4, yunuThIBas, 4To 1+—. Torna nomydnm:
p

2 2 30 Lo 3
l-dr.l/ =1 t:jrdr+1/lf) :% t—:j%dr+l/p S I SO = "+ n!
0

;7p pz, 3 ! P p4s--'an! : pn+1 pn+1'

=

O C—y ~

5. luppepenyuposanue uzooparxcenus
ITycts f(f) ecTh OpUTHHAI C IIOKa3aTeIEM pocTa sy, f(¢)+F(p), Rep>s,. Torna

F'(p)+(=0). (1), F'(p) = (=)' f (t)ors F"(p) = (1) 1 (2).

T.€. Ipu AU PepeHIIUPOBAHUH N300PAKEHNS €70 OPUTUHAT YMHOXKAETCs Ha ().

HelictBurensHo, QyHKIUS F(p) B 001acTH Rep>s, SBISETCS aHAIMTUYECKOH 1

€€ MOXHO I[I/I(l)(i)epeHHHpOBaTB nmo p, Npuicm, B CUIIY paBHOMepHOﬁ CXOAUMOCTH
HUHTCI'paJia, ):[I/I(i)(i)epCHI_[I/IpOBaHI/Ie Mo p MOXHO IIPOBCCTHU IIOA 3HAKOM MHTCTPAJIa:
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F'<p>{ J f<r>e"’er f [f(r)e"”};df;f [(0)f ()] e ()£ (),

+00

F(p)=(F(p)) = [ [()r (0)e ] di- [ @) )eras 7 () ...
Ilpumep 7.8. Haiitu nzo0pakeHre OpUTHHAIIOB /-sinat, ¢-cosart.

Pewenue. Yatewm, uto sinat+—%—, cosat+ zp 5 - YMHOXXHMM OPHI'HHAIIBI Ha ().

p+a p+a
[Tpu 3TOM UX N300paKkeHUS HYXKHO NpoauddepeHIupoBaTh 1Mo p , T.€.
. -2pa
(—t)-smat+d( & 2)2 3
dp\ p* +a (p2+a2)
2 2
(—t)-cosat+c§l( L 2):— p-e
74 p tao (p2+a2)

2 2
CrenoBarenbsHo, tosinat+—2P% _ tcosars PO

(*+a’) (P+a’)

6. UHnmezpuposanue uzooparxcenus

ITycts f(f) ecTh OpUTHHAI C IIOKa3aTeIEM pocTa s,, f(¢)+F(p), Rep>s,. Torna

+00
t
j F(p)dp+f§ )
p
IIpu yCJIIOBUH, YTO 1) fgt) SIBJIICTCSI OPUTHHAJIOM, 2) I p _Rhm jF dp, pu-
eq—)oo
p

4YeM MyTh MHTETPUPOBAHUS JIEKUT B 00JIaCTH Rep > s, .

JlefcTBUTENBHO, PACCMOTPUM (QYHKIMIO g(1)= fgt) U ee nzobpaxenue G(p).

YuuTeIBas CBOMCTBO 3, MOJTYYUM:

G (p)+(-)e(0)= (-0 /1) =100,
C npyroii CTOpOHBHI,
—F(p)+-1(t).
CpaBHuUBas 9TU J1Ba PaBEHCTBA, OAYy4uM: F(p)=-G'(p).
[IpouHTErpUpYeM 3TO PABEHCTBO, BBIOMpas IMyTh WHTEIPUPOBAHUS B 0OO0JACTH
Re p > s, TJIe M300paKeHHE CYIIECTBYET U aHATUTUYHO:
q
jF )dp = - jG =— lim [G'(p)dp=— lim [G(q)-G(p)]=G(p)

Reg—o0 Reg—oo
p p

3IICCB MBI BOCIIOJIB30BaJIUCh TCM, UTO lim G((]) =0 U3 CICIACTBUA K TCOPCMC 7.1.
Reg—oo

t

o Sll’lt
Ipumep 7.9. Haiitu n3o6pakeHre MHTErPaIbHOIO CUHYCA si( j
0
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Pewenue. Tak Kax sint + 21 , TO U3 CBOMCTBA 6, a 3aTeM U3 CBOMCTBA 4 CIEayeT:
p +1

t
:——arctgp, 51 J.md ——(——arctgpj
t pp +1 0 t

sint

7. 3anazoviganue opucuHaiq

ITycts f(¢)n(¢) ecTh OpUrHHAI C MOKa3aTeneM pocta s, U f(t)n(t)+F(p), Rep>s,.

Torma npu 3ama3npiBaHMM OpUrHHaia Ha BpeMst o (puc. 33) ero uzoOpakeHue
Cpa
yMHOXaeTcs Ha e 7%, T.e. N
S0 -n(t)

f(t—a)n(t-a)+F(p)e? (a>0).

JIeHCTBUTENBHO, HCIIONB3Ysl OINpelesieHHe H300paKeHHs WU
Y4UTBIBAsL, 4TO 77 (f—at) =0 MpU ¢ < a , UMEEM:

ft-a)n(t-a)

o

+00 +0 0
ft—a)n(t—a)+ J.f(t—a)-n(t—a)-e_p’dt: J.f(t—a)-efptdt. Pnc.33
0 a
Cnenas B I/IHTeraJIe 3aMeHy t—-a=t,dt=dr, IOIYy4UM

f(t—a) J.f p(eta)y :e_paTf(r)-e_prd'r:e_paF(p).

Cneocmeue (0 eOuHuuHOU )yHKyuu ompesKa) 11-

Envnangnas GpyHKIUA 1 [a b](t) OTpe3Ka [a,b], paBHas €MHMIE HA OT-

v

peske [a,b] 1 HyII0 BHE 9TOro OTpe3Ka (puc.34), npejacraBuMa B BUJIE

M (ap)(1)=1(1=a)=n(t-b) (7.3)

~

U UMeeT U300pakeHue 7 [a’b](t)+%e‘p” —%e‘pb. 11--

HelictBuTenbHO, paccMOTpUM GyHKUMHU 7 (t—a), n(t—b) (puc.35). Ha
UHTEepBanax (-w«,a) U (b, +) UX 3HAUYEHMs COBIANAIOT, & PA3HOCTh

paBHa Hym0. Ha oTpeske [a,b] ux pasHocTs paBHa 1. Cen0BaTeIbHO,

Mo p)(1)=n(1=a)=n(t-b). |

DTOT OPUTHHAJ YaCTO UCIIOJIB3YETCS B IPHIIOKCHHSIX. 0 b
Haiinem ero nzoOpakeHue, UCIONb3ys COOTHOILICHHE U(f)+% U CBOMU- Puc.35

CTBO 3aMa3/bIBAHAS OPUIHHANA: 77[, 41(7) +%e"’ - %e"’ b

Ilpumep 7.10. Hatiti n3006pakeHre TpeyrojabHOTr0 UMITyJbca (puc. 36).

Pewenue. icxonnas ¢GyHKuus f () paBHa CyMMe JIByX BCIIOMOTaTelbHbIX (QyHKLUH
fi(2) m f,(¢) (puc. 37 n 38). ®ynkuusa f(¢) paBHa ¢ Ha oTpe3ke [0,2] M HYJIO BHE
ATOTO OTpe3Ka T.e. fl(t):t-n[qz](t). dynkuua f,(¢) paBHa 4—¢ Ha OTpe3Ke [2, 4] n

HYJIIO BHE 3TOTO OTpe3Ka, T.e. f,(¢)=(4-1)n [2.4] (¢). Takum obpasom,
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f(t):fl(t)"'fZ(Z):t'n[o,z](t)+(4_t)"7[2,4](t)' 2 ANAG
Bocnonszyemcs cootHomenuem (7.3):

f()=t-[n(t)-n(t=2)]+@-1)-[n(t-2)-n(r-4)]= ol 2 f
=t-n(t)-2(t-2)-n(t=2)+(t-4)-n(t-4). Puc.36
Opwurunan ¢-1(1) umeer nzobpakenue L. Jlns opuruHaios, 3anas- :
p filt !
IBIBAIOIINX COOTBETCTBEHHO Ha 2 W 4, 3T0 H300pakeHHE HAIO0 E
YMHOXHTB Ha e’ u e *7 . Tloatomy f(t)+ i— L : !
P ol 2 4
8. Cmewenue uzooparxcenus Puc. 37
ITycte f(f) ecTh opUrMHAN C IOKa3aTelneM pocta sy, f(¢)+F(p), 7l
2

Rep>s,. Torma :
F(p-a)+f(t)e*, Re(p—a)>s,. :

Takum o0pa3oM, Hpu CMELIEHUH H300pakeHHs Ha o, OpPUTHMHAI o' 2

yMHOXaeTcst Ha e*' . JleficTBUTENBHO,
+00

F(1)-e = | [f(t)-em]e_ptdtzT)f(t)-e_(p_a)tdt:F(p—oc)

Y MHTETpaj CXOJUTCS, eclid Re(p—a)>s,.

Puc. 38

Ipumep 7.11. Haiitn uzobpaxkenue opuruHana ¢ e

Pewenue. IIpumensisi CBOUCTBO 8 K U3BBECTHOMY YK€ COOTHOILIEHHUIO ¢ "'+ IIOJIyYUM

+1’

t"e . ml |
(p _ a)n+1

9. H300parxrcenue nepuoouuecko2o opuzuHala

ITycts opurunan f(¢) ¢ mokasarenem pocra s, umeer nepuon 7, f(t)+F(p). Torna

7
f(l‘)+l_el_pT J.f(t)-e_’”dt, Re p > s,|.

T +00

HeiicTBuTensHo, f(t I f(t)-e?de= jf(t)-e””dH J. f(t)-ePdi=1+1,.
0 T

CnenaB BO BTOPOM MHTErpane I, 3aMeHy t=t+7T, dt =dt , IOJy4YUM

Iz;fwf( _pt‘“‘ff r+7)-e " :e_pTTf(r)-e‘Pfdr:e‘f’TF(p):>
! "0 0
T
F(p)= [+[2—If )-eP'dt+e? F(p) = F(p)(l_e*pT):If(t)_e—ptdt:>
0

T
I efptdt.
0

Ilpumep 7.12. Haiitu I/1306pa)KCHI/Ie MEPUOAUYECKOTO C IEPUOJIOM T TIPSMOYTOJIBHOTO
UMITyNbca f () BEIMYMHBI A M NPOJOIDKUTENBHOCTH T /2 (puc. 39).
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Pewenue. ITpumensisi CBOWCTBO 9, MOTyYUM:
T2

T
F(p):1_61,—pTjf(t)'e_ptdtzl_;_pr J‘ .o Pt =
0 0

=T/2
1 A,e_pt 1—e P72 _ A

4.
1-e?™™ =pi,_, P

10. Céepmka pynkyuii u ee uzooparxcenue

Cseptkoil pyHkiuii f(¢) u g(r) Ha3pIBAIOT QYHKIHIO

1-e?T p(1+e_pr/2)'

zif(r)-g(t—r)dr.

OTMeTHUM CJIEIYIOIINE CBOMCTBA CBEPTKHU.

1). Ceepmka cummempuuna, m.e. f(1)*g(t)=g(t)* f(¢).

JIeCTBUTEIIBHO,
1—7=
j st

t
:.([f(r)gt—f dr——a’q t

2). CeéepmKa opuzunaio8 A6aaemca OPUCUHAIOM.
JIeCTBUTEIIBHO,

il A

NN
*ﬂ

a) pu ¢ <0 UMeeM: f (i If g(t-7)dr=0,T.K. f(r)=0 Opu r<t<0,

0) cBepTKa KyCOYHO HETIPEPBIBHBIX (DYHKIIUH SIBISCTCS KYCOUHO HEMPEPBIBHOM (DYHKITUEH,
B) eciii f (), g(¢) eCTb OPUTHHAIIBI C IOKA3aTENIAMH POCTA s, 55, TO

‘f(r)Hg(t—r)‘ <M, -Mye™") < MM, e ) = Me, s = max {sp.8,} =
H/_J

=M
t

If(r)-g(t—r)dr

0

S()*g(0)]=

! t
< _Hf (T)‘ : ‘g(l— T)‘dr < M'[ e'dr < Me*t < Me*e® = Me(”(?)f’
0 0

T.C. CBCPTKAa OPUTHUHAJIOB ABJICTCSA OPHUIMHAJIOM C ITIOKA3aTCJICM POCTA s =max {Sl,SZ} .

3). H300pasicenuem ceepmiku YyHKUuil A611emcsa npou3sedenue ux u3ooparcenuil;
Ooinee TouHO, eciu f (1)+F(p) (Rep>s)), g(t1)+G(p) (Rep>s,),TO

F(t)*g(t)+F(p)-G(p), Rep>max{s,s,}.

JIeCTBUTEIIBHO,

:eipt

t)++fo[f(l)*g(t)]'€_ptdt_ ] {ff g(t-t dr]-ef”ep(”)dt_

0<r <y,

Nmeem aBoitHOM MHTErpall 1Mo 06J1acTH D : {0 (puc. 40).

<t<w

TI/T_t

0l f
Puc.40

Ilomensiem B I[BOﬁHOM HHTCTPAJIC MOPAIOK UHTCIPUPOBAHHA, 3aTEM BO BHYTPCHHCM

HHTETpaJIC CACJIaeM 3aMEHY -7 =1, dt=dn:
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f(t)*g(t)++ff(f)'e_mdf ong(t_f)'ep(tr)dt] _ +J?°f(l_).eprdrrj?og(n).emdn] - F(p)-G(p).

0 T 0
t
Ipumep 7.13. Haiitu uzo0paxenue QyHKIMUU ¢ (1) = j t-sin(r—7)dr.
0

Pewenue. JlanHyto QyHKINIO MOKHO 3allUCaTh B BUIE CBEPTKU ¢ (1) =¢+*sin¢. Tak Kak

t+l}2, sinf +—! ;> 10 M300pakEHUEM CBEPTKU JaHHBIX (DYHKUMH SBISIETCS MTPOU3BEIe-

p+

1

o . 1
HHE UX U300PAKEHUM, T.€. ¢ (1) =1*sint+— -

p2 p2 +1
o 1
Ipumep 1.4. Haiitu opurusai o ero u300paxeHuo F(p)= =
(#*+1)
1 1 1 .
Pewenue. ImeeM F(p)= > =———5—, [JIe ———+sinz. ClIe10BaTENbHO,
p - +1 p~+1 p +1

(p?+1)
1 . 1
p2+1 p2+1
:(lsin(%—t)—lrcostj
4 2
11). ®opmyna /[wamensn
IIycte f(¢)+F(p) (Rep>s), g(1)+G(p) (Rep>s,). Torma

p-F(p)-G(p)+f(t)«g'(1)+ f(¢t)g(0), Rep>max{s,s,}.

+sinf*sint =

O —

. 1§
sinz-sin(f—7)dz = 5}[[005(21 - t)—cost]dr =

=f .
! tcost sint—tcost

2 2

= isint—isin(—t)—

=0

JIeCTBUTEIIBHO,
pF(p)-G(p)=[p G(p)-2(0)] F(p)+2(0) F(p)+f(t)*&(t)+f(r)g(0).

Bce ocHoBHBIC mpaBwia U GOpMysIbl ONMEPAIMOHHOTO MCUUCICHHS, PacCMOT-
pPEHHBIE BbIIIE, YA0OHO CBECTH B CJIEIYIOUIYIO TaOIUILY.

OpHUTHUHAI M300paKeHNE No | opurunan M300paKeHNE
Af(0)+ug(r) AF(p)+uG(p) 12 I L

f(7) pF(p)-1(0) 13 o p"11!+1
() PE(R)-p(0)-7(0) | | 14| e pa

[ £(0)d fe) 15| smar | s

0

(=0)" 1 (2 () 16| cosat v

p+a
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St i a
6 5) [ F(p)do 17 | shat e
P

7 f(t-a)n(t-a) F(p)-e“? 18 chat pzfaz
8 f(t)-e‘” F(P—OC) 19 t-sinat Laz
(p*+a’)

t . . pz_az
"0 0=[sC) gl-nar | FPOW) 0| et T
10 F()*g(t)+ £ (1) g(0) p-F(p)G(p) 21 t-shat 3pa2 5
(p*-’)
11 f(¢) cnepuogom T 1 ¢ g 29 t-chat pz+0522
1—ePT gf(t) e dt (pz_az)

Bbonee moapoGHbIe TabHIIBI IPUBEACHBI, Hanpumep, B [2], [6], [7].
7.3. BoccTaHoB/IeHHE OPUTMHAJIA 110 €r0 H300PaKEHH IO

[Ipu pemenun 3aa4 ¢ UCMONIL30BaHUEM MpeoOpa3zoBaHus Jlammaca cHavyana mnepe-
XOJIAT OT YpaBHEHUS Ul OpUTMHAjIa K 0oJiee MPOCTOMY YPaBHEHUIO Ui €ro M300paxke-
HUSI, U3 KOTOPOTr0 HaXoJAT M300paXkeHre. 3aTteM Mo 3TOMY M300pa’KeHHIO BOCCTaHABIIH-
BaIOT OpuUrvHai. PaccMoTpuM paznuyHble ciocoObl BOCCTAHOBICHHS OPUTHHAIA.

Ceeoenue uzooparxcenHus K madaudHvlM U300pasceHuam

a) MPeACTaBUTh U300paKEHUE B BUE CYMMBbI TAOJUYHBIX U300pakeHUH (Harpumep,
pasyioxkuB IpoOb Ha MpocTeuire 1poon),
0) mpeACTaBUTh N300paKEHUE B BUJIE IPOU3BEACHUS TaOJIUYHBIX U300paKeHU

F(p)=Fk(p) F(p) = f()=£(1)* /1), (7.4)
F(p)=p-F(p) F(p) = f()=£(0)*£ 1)+ £i(1)- £2(0), (7.5)
B) HUCIIOJIL30BaTh CBOMCTBA 3alla3aAbIBAHUA OpUTHUHAJIA U CMCIICHUA I/1306pa)KeHI/I$I

F(p)=f(t) = F(p)e™+f(t—a)n(t-a), (7.6)
F(p)+f(t) = F(p-a)+f(t)-e*, (7.7)

r) HUCIIOJIB30BAThH I/1306pa>KeHI/Ie MEPUOANICCKOr0 OpUrnuHajia ¢ Icpuoaom T , T.C. CCJIN

G

F(p)=—1_£fj,,)r : (7.8)

TO 10 M300pa)keHUI0 G(p) BOCCTAHOBMTH OPUTMHAN g(¢) Ha oTpe3ke [0,7] M Ipojoi-

JKUTH 3TOT OpUTHHAI IICPHUOIUICCKU.

Ipumep 7.15. Halitu opuruHai no ero u3odpaxenuto F(p)=
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Pewenue. Bocrionbzyemcs TaOITUYHBIM HU300pakeHUEM Lz +t u popmynamu (7.7), (7.6):
p

+te! = ;e_3p+ ~3) e Iy (r-3).
S = e e )

p+3p-5
(p+1)*(p*+2p+10)

Ipumep 7.16. Haiitu opurunai no ero u3odpaxenuto F(p)=

Pewenue. Paznoxum npo0b Ha ipocTeiiiue Apoou:
3
p +3p-5 A B Cp+D
F(p)= 2( 2 = + 272
(p+1) (p +2p+10) p+l (p+1) p +2p+10

p=-1 -9=9B B=-1
3

p3+3p—5=A(p+l)(p2+2p+10)+B(p2+2p+10)+(Cp+D)(p+l)2 =
B——

1

)4 1=4+C A+C=1 A=2/3
= = =

p2 0=34+B+2C+D A+D=-1 Cc=1/3

p=0 -5=104+10B+D 104+D =5 D=-5/3

2 1 1 1 -5 2 1 1 1 +1)-6
F(») ’ oL it

—_. — + —. - — . .
3 p+l (p+1) 3 P 42p+10 3 pHl (p1)’ 3 (p+1)7+9
Bocnonp3yemMcst TaOIMUHBIME H300paskeHUSIMU U CBOMCTBOM (7.7):

1 41 p
—_— e , _ZTt’ 5 TCOS3Z,

p+1 p PP +9 P +9

+sin3t =

t)=—e ' —te ——cos3t-e ——sin3t-e .
f( ) 3 3 3
Ilpumep 7.17. HaiitTu opuruHai Mo ero u300paxxeHuro
G(p) L [T 1 1) i
F(p)= , e G(p)=——| ——+— |e 7"'~.
(p) l_e—pT A (p) pZ 2 p p2

Pewenue. N300paxenne umeet Buj (7.8), M0O3TOMYy UCKOMBIA OpUTHHAN €CTh MEPUOIU-
yeckas QyHKIMA ¢ epuofoM T, KOTopas Ha oTpeske [0,7] COBINAaeT ¢ OpPMIMHAIOM

g(t) m3o0paxenus G(p). Opurunan g(¢) HalaeM, UCIONIB3Ysl CBOMCTBO JTMHEHHOCTH,

cooTHoIeHue (7.6) 1 TabIMYHbIC H300PAKEHUS Lz +t-n(1), 1. n(t):
p

f (1)

R O O e T e (| A

y 0! ‘
Vckomblii opuruHai f(¢) MomydaeTcst IpH HEpHOIMIECKOM IPOIOIDKEHAN
opurrHana g(¢) ¢ orpeska [0,7] Ha NOJNOKHUTENBHYIO NOIYoch ¢ (puc. 41). Puc. 41

Omoickanue opuzunana no gopmyne Mennuna

(ORI

Im pA
HYCTB F(p) B 00J1acTH Rep > 8y ABJIACTCA I/1306pa)KeHI/ICM OpuUru-

Hana f(¢) c mOKa3zaTeleM pocTa s,. Toraa B TOUKax HENPEPHIBHOCTH

Gynxuuu f(¢) cnpaseanua Gopmyna MemnuHa:

Puc.42
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1 s+i© 1 s+ib
f(t):% F(p)e’”a’p—z—m[}1_1)1;10 F(p)e’dp,
s—ioo s—ib

rJie MHTerpaji Oepercst BIOJIb JII000H MpsiIMOi Re p =5 > 5, (puc. 42).
JlokazatenscTBo (opMynsl MemmuHa MBI omycTuM. OTMETHM, 4YTO HEMOCpe/l-
CTBEHHOE MpHUMEHEeHHE (opMynbl MemnnHa o0bIYHO 3aTpyaHUTENnbHO. OMHAKO MpU

HCKOTOPBIX HOIMOJHUTCIIbHBIX YCIIOBHAX HUHTCTPAL MenanHa MOKET OBITh BBIUMCIICH
C IOMOIIIBIO BBIYCTOB.

Ombuvickanue OopuZuHa/la C NOMOULbIO 6blUemoe

Teopema 7.2. 1lyctb

1) pynkius F(p) sBnseTcs U300paXKeHUEM OpUTMHaNa f () C IOKa3aTeaeM pocTa s,

2) dyHKIMA F(p) SABISETCS QaHAIMTHYECKON B KOMILIEKCHOM IJIOCKOCTH, 33 MCKIIFOYEHHU-

€M KOHEYHOT'O YHCJia U30JIMPOBAHHBIX OCOOBIX TOYEK p|, p,,..., p, U3 00J1aCTU Re p <,

3)|F(p)|<&(R) Ha HOIyOKpPYKHOCTH yp : {|§_S|<:R’ (s>50) 1 &(R)—>0 mIpr R — 0.
ep<s,
Torma f(1)=> ResF(p)e”, t>0. (7.9)
k=1 P=Prk

Jloxazamenbcmeo. PaccMOTpUM 3aMKHYTBIM KOHTYp 7, COCTOSALIMUA W3 OTpe3Ka

(P) o

HACTOJIBKO OOJBIINM, YTOOBI OCOOBIE TOYKU pi, p,,...,p, TOMNATU s+iR

[s—iR,s+iR] M TOIyOKpYXKHOCTH 7y, (puc. 43). Bribepem R

BHYTph KOHTYpa ¥ . [1o Teopeme (6.1)

(JEF( p)e’dp =2mi- ZRes[ (p)ep’]

= =0k

C prFOﬁ CTOpOHBI, 110 CBOﬁCTBy AAIUTUBHOCTHU I/IHTCI‘paHa
S+iR

(f)F(p)eptdp: j F(p)edp+ J F(p)edp.

s—iR YR

CpaBHI/IBaH 9TH JBa paBeHCTBa, HOJ'Iy‘{I/IM'
S+iR

j F(p)edp+ j F(p)e”dp =2ri- 2 Res [F(p)ept] (7.10)

sSiR 7 e k=1 P=Pk
Ha momyoKpyXKHOCTH y, IO YCIOBHIO TeOpeMbl (yHKUIus F(p) YHOBICTBOpSIET

ycioBusAM JieMMBbI JKopaaHna, noaToMmy u3 ieMmbl JKopaaHa cinenyer, yTo

I F(p)e”dp—0 pu R — oo, t>0.
YR
Torna paBenctBo (7.10) B npeaene nmpu R — oo MPUMET BUI:

§+ioo

I F(p)ePdp :2771'-]; ;2:%1 [F(p)ep’]

§—100
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VYuursiBas Gopmyny MemirvHa, NOIyYUM:

§+1i00

F(0)=5L [ F(p)erdp= ZRes |F(p)e™ ], >0

sZioo k=1 P=Pk

p)
0,(p)
Pis Ds---» P, €CTb HylM 3HaMeHatens O, (p). Torna

:z Res[ pt]

k=1 P=Pk

R
Cneocmeue. Ilycte QyHKims F(p)= "(( €CTh OTHOILICHHE JIBYX MHOTOWICHOB, k <n H

R
JHokazamenscmeo. 3anmureM QyHKIUIO F(p)=—~ (r) B BUJIE

Rk(p) B aopk +a]pk_1 +..+a; Pk(ao +a]p_1 +...+akp_k) 1

= B - N =— o(p),
( ) Qn(P) bop"+b1p”1+...+bn P"(bo+b1p_1+...+bnp‘”) pnk ( )

(ao +a]p_1 +...+ akp_k)

(bo +hp 4 ...+bnp_") '

rae ¢(p)=

Tak xak lim ¢ (p) :%, TO ‘go(p) ‘ <M TIpH yCIOBHUH, 4TO | p|> R . TTosTOMYy
po® o

=&(R).

Tak kax n—k>0, 1O g(R) — 0 IpH R —> 0, U MOKHO IPUMEHUTH TeEOpeMy 7.2:

F(p)|= |0 (p)|<
|p|

R n—k

n

f(1)=> ResF(p)e”.
k=1 P= Pk

1
(p-4)(p-3)

Pewenue. N300paxenue F(p) ABIseTCs NPABUIBHON IPOObIO, UMEET JBE 0COOBIE TOY-

Ipumep 7.18. Haiitu opurunai no ero u3odpaxeHnuto F(p)=

KH: p =4 — TIOJIIOC BTOPOr'o 1nopgaakKa, p = 3 — MOJIFOC IICPBOT'O IMOPAAKA. HCHOJ’IB?:YH CJICa-
CTBHC U3 TCOPCMbI 72, Haﬁ}IeM OpUTrvuHaJI:

f(t)RCS[F(p)ep’}+Res[F(p)ep’]hm[(em'(f—“)z)J +lim£ e’ (p-3) J

p=4 p=3 p—4

pt . _ _ pt
= lim ¢ t(p 3)2 ¢ + lim
p—4 (p _ 3) p—3

DTOT OpUTHHAII MOXKHO OBLJIO HAWTH, pa3aras ( p) Ha MIpOCTEHIINe APOOH.

Ombuvickanue OopuZuHa/lad C NOMOULLIO pa3j10HCEHUA 81)}10

ITycte (yHKIMS F(p) B OKPECTHOCTH OECKOHEYHO YIAIEHHOH TOYKH Pa3lIOKUMa B Psi

o0

F(p)=%+%+%+...zz(:) pc;l”H .
"
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Torna F(p) sBisieTcst U300paXKeHUEM OpPUTUHATIA

G,,.6 2 Sk

t)=co+—t+—=t"+..= y —=¢". 7.11

Fle)=corqyies) §0 n! (7.1
lJ’l

P St Ctporoe obocHoBaHME (HOPMYJIBI MBI

Ota (opmyna OCHOBaHa Ha TOM, YTO

MIPUBOUTH HE OyJIEM.

1

p2+1

Ipumep 7.19. Haiitu opuruHan no ero u300paxkeHuto F(p)=

Pewenue. ®ynkuus F(p) UMeeT IBE 0COObIE TOUKU p =i, p=—i U ABJIAETCS aHAIU-
TUYECKOH B OKPECTHOCTH OECKOHEUHOCTH |p|>1. Jlns pasnoxenns GyHkuuu F(p) B

Pl B 9TOM OKPECTHOCTH IpeACTaBUM QYHKIUIO F(p) B BUzE

-1/2
1 5 a2 ] 1
F(p)= =(p°+1 =—-(1+—]
Jpr+l (7" +1) P P
1 BOCIIOJIB3YEMCS CTAaHIAPTHBIM PA3JIOKCHUCM

(1+x)" :Hg“_a(a—l)xz+a(a—1)(a—2)x3+m (Jx|<1).
1! 2! 3!

Torza B OKpECTHOCTH OECKOHEUHOCTH |p|>1 UMeeM <lm

2

F(p):l-(l+L]_l/2:l.[l_g__1/2L+(_1/2)(_3/2)L+___] 1113

=———t ... .
2 p 1 p? 2! » p 2p 212°p°

C yuetrom dopmyisl (7.11), opurunan f(¢) Oyner UMeTb BUJ:

+ —..=
P U S 61} R (n!Y’

12 13 2 t* & (2)”
A TR TAE TR 2 (-1)

CymMy 3T0r0 psifa HasbIBaroT (hyHKLMeEN beccens HyneBoro nopsiika u 0003Ha4atoT J, (7).

7.4. IlpyuMeHeHHE OTIEPALUOHHOTO UCHYUCICHUS

Hcnonp3oBaHue ONepaniioOHHOr0 METOa OCHOBAHO HA TOM, YTO IIPU IIEPEXOAE OT
OpUTHHAJIa K U300pakeHuto onepauuu 1udPepeHnpoBaHusl U UHTETPUPOBAHUS 3a-
MEHSAIOTCS 0oJiee MPOCTHIMU ONEpalUsIMU YMHOKEeHHs U feieHus. [loatomy omnepa-
LIUOHHBIA METOJ YAOOHO MPUMEHATH Ui peuieHus AuddepeHuuanbHbIX U HUHTe-
rpajibHbIX ypaBHeHU. [Ipu aToM ciienyer:

1) mepeiiTi OT OPUTHHAIOB K MX M300pakeHUsIM (McXoaHoe nuddepeHrantsHoe
WIH WHTETPaJbHOE ypaBHEHHWE JUISI OPUTHHAJIOB Tiepeizer B Ooyiee mpocToe
ypaBHEHHE JJIs1 H300paKeHUI — OTIepaTopHOE YpaBHEHHE);

2) U3 OTMepaTOPHOT'0 YpaBHEHHUS HAUTH H300pakeHNE;

3) o u300paxxeHNI0 BOCCTAHOBUTH OPUTHHAI.
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Pewenue nuneiinvix oughgpepenyuaibuvix ypagHeHu
C HOCMOAHHBIMU KOI(Ppuyuenmamu
Paccmotpum 3anauy Ko
{ax"(t)+bx’(t)+cx(t) =1 (1),
x(0)=x,, x'(0)=x,
1). Ilepeiinem oT OpUrHHANOB K UX M300paxkeHUsIM, nonaras x(7) + X (p), f(¢)+F(p):
x(t) + X(p),
¥()+ pX (p)-x(0).
X"(1)+p*X (p)- px(0)-x'(0).
VMHOas1 IIepBOE COOTHOILIEHHE Ha ¢ , BTOPOE —HA b , TPEThE —HA a U CKIIA/IbIBAS, TIOTYqHM:
ax”(t)+bx'(t)+cx(t)+X(p)(a!p2 +bp+c)—ﬂ9(ap+b)—a;i(f0_2.

=x0 =X,

C npyroii cTopoHsl, ax"(¢)+bx'(t)+cx(t)=f(t)+F(p)-

a,b,c — IIOCTOSIHHEIE.

CpaBHI/IBaH 9THU ABa COOTHOIICHUA, ITOJTYUYUM OIICPATOPHOC YPABHCHHC
X(p)(ap2 +bp+c)—x0(ap+b)—ax1 :F(p).
2). Pemas onepaTopHoe ypaBHEHUE, HaIeM N300pakeHUE
F(p)+xylap+b)+ax
1) o) lan b rax,

3). Ilo n3o6paxkeHu0 X (p) BOCCTAHOBHM OPUTHHAI x(7).

ap2+bp+c

3ameuanus.

1). Cnyuait nuddepeHInanTbHOro ypaBHEHHUS 1n—T0 MOPSAIKA C TOCTOSHHBIMU KO3 Pu-
[UEHTaMU MPUHIMITHATBHO HUYEM HE OTIIMYAETCS OT Cllydasi ypaBHEHHUs 2-TO MOPSJIKa.

2). Ilpu onepallMOHHOM METOJIE PEIIeHHs], B OTIMYHUE OT KIAaCCUYECKOro MeTojAa, Mo-
Jy4aeM YacTHOE PEUIEHUE YPABHEHHUSI, YJIOBJETBOPSIOIIEE HAYAJIBHBIM YCIOBUSIM,
MUHYS TIOJTy4€HHE OOIIETO peleHusl.

3). g noaydeHus: OOIIEro pelieHrs YPaBHEHHS HY)KHO CYMTATh HadabHBIC 3HAUEC-
HMs HE 33/1aHHbIMU, & IIPOU3BOJIBHBIMU NIOCTOSHHBIMY, T.€. x(0)=¢;, x'(0)=c,.

4). OnepallMOHHBII METOJ IPUMEHUM U Korza QyHKIHs f (#) KyCOYHa HENpephIBHA.

5) Ecan navansHbIe YCJIOBUA 3adaHBbl IIPU ¢ =1, # 0, TO cCHayaia HY>XXHO CACJIATh 34d-

- T

MeRny ¢—f, =7 . IIpu atoM x;(1)=x.(t) 7, =x.(¢), x;(¢)=x"(¢).

X(6)+9x(t)= f (1),

Ilpumep 7.20. Pemnts 3agaay Komm:
PP Y {x(O)zO, ¥(0)=0,

ecau pyHKuus f(¢) 3amaHa rpadukom (puc.44).

Pewenue. 1). IlepelinemM ~ OT OpUTHHAJIOB K UX HM300paXEHUSIM,
nonaras x(1) + X (p), f(¢t)+F(p). Torna
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x(t) + X(p),
x(6)+ p2X (p)- px(0)-x'(0)= p2X (p),

4
_ 11 5, 1,
f()+F(p) —2—2?e +—e 7 (mpumep 7.10).

Hcnonb3yst CBOMCTBO JIMHEWHOCTH, niepeiiaemM B nudpepeHnnanbHoM ypaBHEHUH OT
OPUTHHAJIOB K H300paXKEHUSIM

p*X(p)+9X(p)=F(p).
2). VI3 mony4yeHHOT0 anre0panyeckoro ypaBHeHHsI HaliieM n300pakeHne
F 1 1 _ 1
X(p)= 2(p) T e R e LU
P +9 »p (p +9) p (p +9) p (p +9)
3). 1o u3o0OpaxeHn0 BOCCTAHOBUM OpPUTHHAI.
CHayarna HaiiieM OpUTHHAI TIEPBOTO CIIaraeMoro

S N U S S S - .l;(t_lsim} l_(i_sﬂj (1)
PA(p?+9) (p* pP+9) 9 \p* 3 p249) 9 U 37 )0 (9 27 -

Bropoe 1 TpeThe criaraeMble B U300paKeHUN X (p) OTIMYAOTCS OT HEPBOIO MHOKHTEIIMU

e 2P U ¢ %, 3HAUNT, UX OPUTUHAIBI 3aNA3/IBIBAIOT [0 CPABHEHHIO C TPEIBITYITIM Ha 2 H 4 :

;)_e_z,,{t—z _sin(t—2)}7(t_2)) ;).6_4,,{%4 _sin(t—4)}7(t_4)‘

pz(p2+9 9 27 pz(p2+9 9 27

OKOHYATENBHO, x (¢) = (6—%?)77(1)—2(’52 - Sin(2t7_2)jn(t—2)+(f§4 - Sin(2t7_4)j77(t—4).

0, 1<0 0, t<2 0, t<4
IToacraBmss n(t):{ - n(t—2):{ - 77(f—4)={ - , TIOTY4YHUM:

L >0 1, 122’ 1, 1>4
¢ _sint
9" 7 0<t<2,
|t _sint_o[t—2 sin(z=2)
x(t)=1 §-°5 2( 5 57 | 2<t<4,
¢ sint o[22 sin(t=2)) (;_4 sin(t-4)
9~ 27 2( 9 7 1T 9 7 >4

Peuwienue nuneiinvix oughghepenuuanvrvix ypasHeHuil
C HOCMOAHHBIMU KOIPpuyuenmamu memooom /lroamensn
MCTOI[ I[IO&MCJISI BBII'OJHO IMMPHUMCHATD IIPU PCHICHUN YPABHCHUA CO CJIOKHOM Impa-
BOM 4acCTbIO f (t ) WA TIpHU PCHICHUN HCCKOJIBKHUX ypaBHCHI/Iﬁ C OANHAKOBBIMH JIEBBIMHN

Y pa3IMYHBIMU IPABBIMU YACTSAMH.
Paccmotpum 3anauy Ko

ax"(t)+bx'(t)+cx(t)=1 (1),
{ x(0)=0, ¥'(0)=0 (7.12)

C HYJICBBIMU HAYAJBbHBIMU YCJIOBUAMHU U ITOCTOSAHHBIMUA KOS(i)(bHHHCHTaMI/I a,b,c.
PaCCMOTpI/IM BCIIOMOT'aTCJIbHYTO 3a/1a9y Kommu
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axi(t)+bx)(t)+cx (1) =1, (7.13)
x,(0)=0, x/(0)=0 '
C HyJIEBBIMU HayaJbHBIMU YCJIOBUSMH M MTPABOM YaCThIO, PABHOM €TUHMUIIE.

[lepetinem B 3agavax (7.12) u (7.13) OT OpUTrMHATIOB K UX U300pKEHUSM, ToJ1aras

x(1)+X(p), x(t)+X,(p), f(t)+ F(p) nyauTsIBas, 4TO x'(f)+PX(p),x”(t)+sz(p), 1+%'

TTosy4uM clieayIoLIue OnepaTopHbIe yPaBHEHHUS:
X(p)(ap2+bp+c):F(p), (7.14)
1

Xl(p)(ap +bp+c)—p (7.15)

[Tongenum 3TH ypaBHEHUS: %:p}?(p) = X(p)=pF(p)X,(p).
\P
[Tpumenus dpopmyny Hroamens (hopmyina Nel(Q u3 Tabnuiibl H300pakeHui ), HOTYUHM:
x(t) = (t)xxy (6)+ £ ()21 (0) = £ (£) %3 (¢) -
=0
Wrak, nis pemenust 3anayu (7.12) HyX)HO:

1) paccMoTpeTh BermomMorarebHyto 3aady (7.13) ¢ mpaBoii 4acTblo, paBHOM €IMHUIIE

ax|(t)+bx(t)+cx (t)=1,
x,(0)=0, x}(0)=0;
2) B 3amaue (7.13) mepeiiti k m300pakeHsIM X ( p)(ap2 +bp+c):l U BOCCTAaHO-

p
1

BUTH OPUTHHAT x (1) TO €TO H300PAXKEHUIO p X, (p)=—5—;
ap”+bp+c

3) pemenue ucxonHou 3aaauu (7.12) Haiitu mo Gpopmyre

x(t)= f(t)*x/( jf

3ameuanue

Ecnu HavabHbIC YCIIOBHS HE SIBIIIOTCS HYJICBBIMH, TO HY)KHO MX CIEIaTh HYJICBbI-
MU C IOMOILBIO 3aMEHBI y(¢)=x(t)+At+ u ¥ TOA00pa UuCEN A, 4.

Ilpumep 7.21. Pemuts 3aauy Ko

Pewenue. Jlna byskuuu f(t)= 4+;m2t n300pakeHne HaWTu cioxkHo. [loaTomy

npuMeHuM meron roamens. st 3TOro 3anmilieM BCIIOMOTaTeNbHYIO 3a7a4y C IIpa-
BOU YaCTbIO, PABHOU €IMHULIE:
{x*’<t)+xl<r>= ,

1
x,(0)=0, x,(0)=0.

66



IlepeiineM OT OpUTUHATIOB K UX M300pa)KeHUsAM, monaras x,(7) + X,(p) U y4uTbIBasi,

! " 1
aro x{(¢)+pX,(p), x(t)+pr°X,(p), 1+;. [Momyurm:

1 1 .
X](P)(P2+1)=; = pX|(p)= 3 = x{(t)=sint.

p-+1

Pemenune ncxonnon 3a):[atm HaieM o popmyie
t

x(t)=f( *xl jf t r)dr—jé2 sin(t—7)dt =

4+sm T
t t
jlnt700§fz dr—fcostismf dr—smtjidsmf +costj.7dcos'§ =
0 4+sin“t 0 4+sin’t 4+s1n T 0o—Cos"T

=t
=sint-

LarctgSIn 4 costyy V5 +cost

2 2 ﬁ \/g —COST 2 ;/ —Cost? :/

Pewienue cucmem nuneninvlx oughghepenyuanbHvlx ypasHeHui
C HOCMOAHHBIMU KOI(Ppuyuenmamu

_sint arctgsmt_,_cost( \/§+cost \/§+1j
7=0

OnepalOHHBIA METOJ] pelIeHUsI CHUCTEMBbl JHHEHHBIX Iu]PepeHIInaIbHbIX
YPAaBHEHHMI aHAJIOTMYE€H METOJly PEIIeHUs] OJHOIO JIMHEHHOTO Mud@epeHInanbHOro
ypaBHenus. Ilepexonst oT OpUrHHAIOB K MU300paXEHUSIM, MOJIYYHUM CUCTEMY JIMHEH-
HBIX aNreOpanyecKux YpaBHEHUN; peIMM €€ OJHHM W3 HU3BECTHBIX CIOCO0OB,
Hanpumep, metogoMm ["aycca, miam no ¢opmynam Kpamepa; 3aTeM 1o HaiiIeHHBIM
M300paKEHUSAM BOCCTAHOBUM OPHUTHMHAJIBI.

Ilpumep 7.22. Pemuts 3anauy Komu asnst cucremsl AudpepeHnanbHbIX ypaBHEHU N

X'=y' -2x+2y =1-2t¢,
0)=y(0)=x"(0)=0.
R URU RN

Pewenue. 1). IlepeiineM OT OpUTrHHATIOB K H300PAKCHUSIM.
IIycts x(¢)+X(p), y(¢)+Y(p). Torma
¥ (1)+pX(p)=x(0)=pX(p),
X'(0)+ p*X (p) = px(0)-x'(0)= p°X (p).
V()= pY(p)=r(0)=pY(p).

Yutém enie, 4to 1-2¢+ }7 52 Torna nuddepennuanbapie ypaBHEHHs sl OpUTHHA-

JIOB IIEPEUYT B anredpanyeckue ypaBHEHUs U1 U300paKEHUI:

X-pY-2X+2v=1_2 X(p-2)-7(p-2)=2=2)

pX-p +2V ==, _— (P)(P)pz

DX +2pY +X =0, X(p2+1)+2pY=O.
X-Y=1/p’

CokpatuMm mepBoe ypaBHEHHE HA p—2: :
X(p2+1)+2pY=O.

2) . Haitnem uzo6pakenust X u Y u3 3Toit cuCTEeMBI anreOpanyeckux ypaBHEHUM:

X=—2 , v=x-1.
p(p+1) p
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3). Ilo u3obpaskeHUsAM BOCCTAaHOBMM OpHUruHaibl. s 3Toro GyHKHMIO X (p) pas-

JIO’KMM Ha MpocTerime Apoou

— 2 -4, B, C 7.16

[IpuBeaem k 0011IeMy 3HAMEHATEIIO U IPUPABHIEM YHCIUTENH:
2=A(p+1)’+Bp(p+1)+Cp.

OTO paBEHCTBO BEPHO INpH J000M p. B wacTHOCTH, IpU p =0 noay4yum 2 = A4, 1pu

p =-1 nonyunm 2 = —C . IIpupaBHsB KO3)OUIMEHTHI TP p*, TONYIUM 0= A+ B, OT-

kyna B =-2. Iloacrapmnss HaligeHHbIE KOG GUITMEHTHI B pa3inoxeHue (7.16), momrydum:

X(p)= 2.2 _ 2
( ) p p+ 1 (p n 1)2
Tenepb BocmoNb3yeMcs TAOTMYHBIME H300PAKCHUSIMHU: % -1, ﬁ +e ' Tak kak L +1,
p
10 1 +te”! (popmyna Ne§ u3 TaGruibl n306pakeHnil) u x(1)=2 -2 ~2ze™.

(p+1)°

VI3 paBercTBa ¥ = X — -1 momyunm: y(t)=x(f)-t=2-2e"-2te” ¢

x(1) =2-2e¢7-2¢te7,
OKOHYATEIHHO UMEEM:
y(t)=2-2e" -2t -1.

Pewienue unmezcpajibiHo2co ypaeHeHusa muna ceepmiku

I/IHTCFpaHBHBIM YPAaBHCHHUCM HA3BIBAIOT YPABHCHHUC, B KOTOPOM HCU3BCCTHAA
(1)YHK]_II/ISI BXOOUT IIOA 3HAK MHTCTpAJIA. Ml PaCcCMOTPpUM JIMIIb UHTCI'PAJIBHOC YpaB-
HCHHUC TUIIA CBCPTKH, T.C. YPABHCHHUC BUA

lx(t)zf(t)+j;g(t—r)x(r)dr .

IIpu A =0 ypaBHEHUE Ha3bIBAIOT UHTETPAJIbHBIM ypaBHeHHEM Bonbprepa 1-ro pona.
IIpu A #0 ypaBHEHUE Ha3bIBAIOT UHTETPAJIbHBIM yYpaBHEHHEM Bomnbrepa 2-ro poaa.
B sTOM ypaBHEHMU UHTETpAIl IPEACTABIAET COOO cBepTKy dhyHKuMi x(¢) u g(¢),

II03TOMY ypaBHEHHE yI00HO 3amucath B Buae Ax(t)=f(¢)+x(¢)*g(¢) n pemars ome-

PaIMOHHBIM METOJIOM, TIEPEXOAS OT OPUTHHAJIOB K U300PaKCHHUSM.
Iyctb x(1)+X(p), f(t)=F(p), g(t)+G(p). Torna ceeprka GyHkiuid x (1) u g(r)
uMeeT usobpakeHue X (p)-G(p). Ilpu 3ToM HHTErpaabHOE ypaBHEHHE A7 OPUTHHA-

Ja mepeiier B anredpandeckoe ypaBHEHHUE ISl €r0 N300pakeHus:
AX(p)=F(p)+X(p)-G(p).
Haiinem n3obpaxkeHue X (p) U3 3TOro ypaBHEHUs: X (p)=

ITo n3006paxeHHI0 BOCCTAHOBUM OPUIMHAN x(¢) .

t
Ipumep 7.23. Haiitu pyHKIUIO x(¢) U3 ypaBHEHUS j sin(¢-7)x(r)dr =sin’t.
0
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Pewtenue. B 5ToM ypaBHEHMU HUHTETpal NPEACTABIAET COOON CBEPTKY QYHKIMM x ()

H sint, IO9TOMY ypaBHEHHE yI00HO 3amucarh B BUAE x(¢)*sint =sin’¢.

1). Ilepeiinem oT opuruHanos k u3obpaxenusam. Ilycts x(7)+X (p). W3 Tabnuisl n300-

paXEHUM UMeeM: sinf+ p21+ T sin?f = 17€0s2¢ 1 (}?—pzﬁ‘l} Torna cBeptka QyHKIMIA

x(t) u sinz, ©MeeT u300pakeHue X (p)- 21+1 . [Ipu 3TOM MHTETrpanbHOE YpaBHEHUE IS
p
OpUTMHAJA IEpeHIeT B aaredpandecKoe ypaBHEHHUE JUIS €r0 N300PaKeHHS:

Yo 1 11 p
() p+l 2(10 p2+4J

2). Haiinem uzo0paxeHue X (p) U3 9TOr0 ypaBHEHHU:

2 2
lf1_ p p +1 4
X(p)=2-F1|1_ = :
(P)=" (p p2+4j 2 p(p*+4)
3). [To u306pakeHUI0 BOCCTAHOBUM OpHUTHHAI. [[JI1 ATOr0 YUCIUTENb NPECTABUM B
BHJIE 4p2+4:(p2+4)+3p2. Torma

2 214)+3p°
R o b ke ]

[Tonmyunnu cymmy TaOIMYHBIX H300paxeHui. Mcmonb3ysi CBOMCTBO JHMHEHMHOCTH
MOJKHO 3aIicaTh OPUTHHAI

x(t):%(1+300321).

Butuucnenue necoocmeeHnvix unmeczcpaiios

ITycTs opuruHan f(¢) ¢ mokasareineM pocTa s, UMeeT u300pakeHue F(p).

Torz[a H3 OMpCacJICHUA I/I306pa}I(eHI/I$I CJICay€CT, 4TO

J.f(t)e*ptdt:F(p) B 00ytacTi Rep > s,. (7.17)
0
+00 +o0
Ipumep 7.24. BoIYUCIUTD HHTErPAJIbI j cosdt-edt, j tsin2t-e dt.
0 0

+00

Pewenue. arerpain j cos4t-e'dt ecTh N300paKeHNE OPUIMHANACcos4 ¢ TIPU p =5, T.€.
0
+00
- 5
Icos4t-e St = 2p > =—.
0 p +4 p=5 41
OTMeTuMm, 4TO ycioBUe Re p > s, BBIIOIHAETCS, T.K. Rep =35, s, =0 (1. 7.2, cBOKCTBO 1).
~+00
HNurerpan j tsin2t-e”*dt ecTh M300paXKEHHE OPUTUHAJIA fsin2f IIPU p =4, T.€.
0
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2-2p 1

p=4 (p2+4)2 =4 5

+00 2 !
[#sin2e-e¥de =—| —
0 p-+4

3nech ucnomab3oBaHa (opmyna NeS u3 Tabnuiel U300pakeHHd. OTMETUM, UTO YCIIOBHE
Re p > s, BBINOJHAETCS, T.K. Rep=4, s, =0 (cBoicTBO 4 /s opuruHayioB U3 m. 7.1 u

cBoicTBO 1 /11 n300pakeHuit u3 m. 7.2).
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